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W-ALGEBRAS WITH NON-ADMISSIBLE LEVELS AND 
THE DELIGNE EXCEPTIONAL SERIES 

KAZUYA KAWASETSU 


Abstract. Structure of certain simple W-algebras assocated with 
the Deligne exceptional Lie algebras and non-admissible levels are 
described as the simple current extensions of certain vertex op¬ 
erator algebras. As an application, the C' 2 -cofiniteness and Z 2 - 
rationality of the algebras are proved. 


1. Introduction 


The Deligne exceptional series of simple Lie algebras is the series 

Ai C A2 C G2 C D4 C F4 C Eg C Ey C Eg 

of simple Lie algebras m- For irreducible components of some tensor 
products of the adjoint representations of the simple Lie algebras in 
the above exceptional series, remarkable dimension formulas, called 
Deligne dimension formulas, were established |CdMl iDl ILMj . They 
are expressed as rational functions in the dual Coxeter number h'^. For 
example, 

2{h'^ + l){5h'^ - 6) 


dimg = 


and 


dim L{29) = 


h-v + 6 
5h^2(2hv + 3)(5h^-6) 


(hv + 12)(/iv+ 6) ■ 

The same exceptional series appeared in earlier studies of modular 
differential equations. In 1988, Mathur, Mukhi and Sen, in their work 
of classihcation of rational conformal held theories (G 2 -cohnite rational 
Z+-graded vertex operator algebras (VOAs) of CFT-type) with two 
characters |MMS] . studied the modular differential equations of the 
form 


( 1 . 1 ) 


4' 


+ 2E2(r) 


Q-^ ) /(^) + 180/r ■ E4(r)/(r) = 0. 


Here /i is a numerical constant, r a complex number in the complex 
upper half-plane El with q = and Ek{T){k = 2,4, 6,...) the Eisen- 
stein series. (Differential equations equivalent to fll.ip were studied by 
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Kaneko and Zagier m in nnmber theory. See also |KNSj .) By stndy- 
ing fll.ip . they showed, ronghly speaking, that the characters of the 
rational conformal held theories with two characters are that of the 
level one affine VOAs Vi(g) associated to the Deligne exceptional sim¬ 
ple Lie algebras g. Note that the differential eqnations fll.ll) and VL(g) 
associated to the Deligne exceptional simple Lie algebras g also appear 
in the stndy of large symmetry of vertex operator algebras [HIM]. 

In this paper, we consider the Deligne exceptional series in the stndy 
of the quantized Drinfel’d-Sokolov reduction, thns the so-called W- 
algebras, and the simple current extensions. Then, we obtain new 
examples of C 2 -cohnite rational W-algebras. 

The W-algebras are generalization of the extensions of the Vira- 
soro vertex algebras, hrst introdnced in [Zamj . After the considerably 
many stndies, the construction of W-algebras by using the quantized 
Drinfel’d-Sokolov reduction was introduced [FFl IKRWl IKW2j (see also 

1311). 

Let g be a hnite dimensional simple Lie algebra, / an even nilpotent 
element and k a complex number. Consider the level k universal affine 
vertex operator algebra (VOA) D^(g) with the Segal-Sugawara con¬ 
formal vector and certain vertex operator algebras and 
(Fermions) depending on g with the conformal vectors w"® and 
Consider the tensor product vertex algebra C = $$ 

and equip C with certain grading and differential d (depending on /), 
thus the complex structure (C*, d) {BRST complex). Equip C with the 
vertex operator algebra structure with the conformal vector 

a; = a;"® + w"® + o;®^ + dx. 

Here, x is a semisimple element of g with [x,f] = —1 and certain 
conditions, and d is the derivation of the vertex algebra C. Then, the 
universal W-algebra W^(g, /) associated with (g, /, k) is dehned to be 
the 0-th cohomology of the BRST complex, which is a (l/2)Z_|_-graded 
vertex operator algebra with the conformal vector u (not a superVOA). 
Denote the simple quotient vertex operator algebra by WA;(g,/) and 
call it the simple W-algebra. 

Modular invariance of the characters of the modules of vertex op¬ 
erator algebras are important property. The space spanned by the 
characters of the modules of a RCFT (C 2 -cohnite rational Z_|_-graded 
VOA of CFT-type) is invariant under modular transformation [Zhu] . 
Modular invariance of the characters of twisted modules is considered 
in [DLMj . By generalizing the result of jPLMj . modular invariance for 
Q+-graded (super)VOAs of CFT-type is considered in [Ej. 

The modular invariance of the characters of the modules of W- 
algebras with admissible levels k and certain nilpotent elements / (ex¬ 
ceptional pairs) have been studied by using the modular invariance of 
the corresponding affine VOAs 14(0) |KW3j . Here, the number k is 
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called admissible if 


k + h'^ 


P r77 

q 


{p,q) 


1 , 



(r^,g) = 1, 
(r'^, q) = r'^. 


Here, denotes the lacing nnmber, that is, = 1 for g = Ai,Di,Ei, 
= 2 for g = Bi,Ci,Fi and = 3 for g = G 2 . Later, considerably 
many simple W-algebras with admissible levels and certain nilpotent 
elements (including exceptional pairs) were proved to be C' 2 -cohnite 
[A3]. Since it was conjectured and has been widely believed that a 
simple affine VOA of level k has the modular invariance property if and 
only if k is an admissible number |KW1] , W-algebras has been believed 
to be C' 2 -cohnite and rational only if the level k is an admissible number 
(cf. [Tr#3] L 

In this paper, we prove the C' 2 -cohniteness and rationality of certain 
simple W-algebras with non-admissible levels by using the theory of 
simple current extensions of the vertex operator algebras. 

Let / be a minimal nilpotent element of g. Then, we have the Car- 
tan subalgebra f) and the highest root 0 of g such that / becomes a 
lowest root vector fo. Consider the ad(6*/2)-eigenspace decomposition 
{minimal gradation) 


g = g_i © g_i /2 © go © Q1/2 © gi- 

Let g*’ denote the centralizer of Ai = {e,9,f). Here, e is a highest 
root vector. Let k he a complex number. Then, the W-algebra = 
W^(g, /) is strongly generated by the conformal vector u with x = 6/2 
and certain linearly-de£ned primary vectors 7'^“^ (a G g^) of conformal 
weight 1 and {v E g- 1 / 2 ) of conformal weight 3/2 subject to the 
OPEs (A-brackets) (a, 6 E g^ u,v E g- 1 / 2 ) 

= jIMI + A(a,6)^|0), 

and certain polynomial in A such that the coefficients be¬ 

long to the subVOA generated by cj and p E g^. Here, the cocycle 
(•,•)*’ is certain invariant bilinear form on g*’. (For more detail, see 
Proposition 12.11 |KW2[ Theorem 5.1]). 

Suppose that g is not of type A;. Let denote the subVOA gen¬ 
erated by (a G g'’). Then, is isomorphic to the universal affine 
vertex operator algebra associated with g^ and the cocycle (•, Note 
that is not of level k. 

Let W = Wfc(g,/) denote the simple quotient of W’^, and V G W 
the image of V^. The main concern of this paper is the branching rule 
oiV gW. 

So, let denote the Segal-Sugawara conformal vector of V^. Since 
j{“} G {a E g*’) are primary vectors of conformal weight 1, the 
vector = uj — uA is a Virasoro vector. Let denote the Virasoro 
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vertex operator subalgebra of generated by and U <Z W the 
image of under the simple quotient —?• W. Then, the tensor 

product VOA ( 8 ) and V ®U are embedded in and W. 

What do we have when we decompose W as & V ® t/-module? We 
consider the most beautiful case, that is, the case when W must be the 
simple current extension oiV ®U. 

Suppose that g is not of type Ai and 

(1) V and 1/ are simple, rational and C 2 -co£nite vertex operator 
algebras; 

{2) W = V®U®N®Ma.sV® [/-modules with non-identity 
simple currents N oiV and M of U. 

Theorem 1.1. The complete list of the pair (g,/c) satisfying (1) and 
(2) above is given by the following pairs: 

(1) g = C 2 and k = 1/2, 

( 2 ) g = G 2 ,D 4 ,F 4 ^,Eq,E 7 ,Es and k = -h^/ 6 . 

Eor each pair (g, fc) in the above list, yVk{5, fe) is C 2 -cofinite and Z 2 - 
rational with an automorphism group Z 2 = {id, l] defined to be 

id(a) = a, id(n) = u, L{a) = a, l{u) = —u, 

(a eV ®U, u E N ® M). We have the following isomorphisms: 
>Vi/ 2 (C' 2 , fe) = K(Ai) 0 L(-25/7, 0) © W(Ai; a/2) ® L(-25/7, 5/4), 
>V_ 2 / 3 (G' 2 , fe) = 1 / 3 ( 711 ) ® T(-3/5, 0) © l" 3 (/li; a/2) ® L(-3/5, 3/4), 
>V_i(Zl 4 , fe) = l/i(7li)®3 © L(-3/5, 0) © ld(/li; a/ 2 )®^ ^ L(-3/5, 3/4), 
>V_ 3 / 2 (i" 4 , fe) = V,{Cs) © T(-3/5,0) © ¥,{0^; w^) © T(-3/5,3/4), 
hV_ 2 (-E 6 ) fe) — yi{A^) © L(—3/5, 0) © Vi{A^] wf) © L(—3/5, 3/4), 
hV_ 3 (-E' 7 , fe) = Vi{Dq) © L(—3/5, 0) © Vi{Dq; zuq) © L(—3/5, 3/4), 
and 

hV_ 5 (i/ 8 ) fe) — ViiEj) ® L{—3/5, 0) © Vi{Ey-, w-f) © L(—3/5, 3/4). 

Here, Z 2 -rationality says that for each G Z 2 , the ^f-twisted mod¬ 
ules are completely reducible and there are hnitely many inequivalent 
irreducible (/-twisted modules, L(c, h) denotes the irreducible highest 
weight module of the Virasoro algebra of central charge c and low¬ 
est conformal weight h. Note that L(—3/5,0) and L(—25/7, 0) are 
(p, q) = (3, 5) and (3, 7) Virasoro minimal model vertex operator alge¬ 
bras Al(p, q). 

Note that when g = D 4 ^, Eq, Ej, Es, the numbers k = —/i ^/6 = 
—1, —2, —3, —5 are not admissible numbers. Therefore, W-hyfe) 
with g = D 4 ^, Eq, Ej, Es are new examples of C' 2 -cohnite W-algebras. 
These numbers satisfy the necessary condition |GK11 IGK21IKW3] for 
the modular invariance property for the irreducible modules of affine 
Kac-Moody Lie algebras g*^^^ of level k. 
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This result reminds us with the Deligne exceptional series. In fact, 
consider g = Ai, ^2 and k = —h'^/6 = —1/3, —1/2. Then, we have 

(1.2) >V_i/3(/1i,/.) = T(-3/5,0), 

and 

(1.3) 

hV_i/ 2 (^ 2 , fe) = K/ 3 Ai ® L{—3/5, 0) © f// 3 Ai+v/ 3 o /2 L{—3/5, 3/4). 

Thus, yV-i/siAi, fd) is C 2 -co£nite and rational, and W_i/2(v42,/e) is 
C 2 -co£nite and Z 2 -rational. 

To prove the isomorphism in Theorem 11.11 and eq. 01.31) . we explicitly 
give isomorphisms of vertex algebras from W to the simple current 
extensions W of certain tensor product vertex operator algebras V. 

Let g be a Deligne exceptional Lie algebra not of type Ai. Let 6 
denote the highest root of g and Ai G g the s/ 2 -triple for 9. Consider 
the level one simple affine VOA Vi(g). Let V denote the commutant 
of Vi(24i) in Vi(g). Let N denote the simple current of V dehned to be 
I/i(g) = V®Vi{Ai) (BN®Vi{Ai, 6/2) as D©Li.(yli)-modules. Consider 
the simple current extension W = V ®L(—3/5, 0) © A^(8)L(—3/5, 3/4). 
Then, as |Z_|_-graded vertex operator algebras, the simple W-algebra 
bV_ftv/g(g, /e) is isomorphic to W'. 

We show the isomorphism by explicitly comparing the operator prod¬ 
uct expansions (OPEs) of certain generators of W and W. 

In order to compute the VOA structure of IT', we hrst consider 
the abelian intertwining algebras (AIAs) V ® N and L(—3/5,0) © 
L(—3/5, 3/4). Then, we consider the tensor product of the AIAs and 
realize W as a subVOA (graded tensor product) of the tensor product. 

In order to simplify the construction, we introduce the notions of 
guasi generalized vertex algebra (quasi-GVA) which is a subclass of the 
AIAs and include the generalized vertex algebras (GVAs). We show 
that the above two AIAs are indeed quasi-GVAs. For the detail of the 
dehnitions, see section O 

The case when (g, fc) = (^2,1/2) is proved similarly and will be 
considered in the forthcoming paper. 

By the general theory of the simple current extensions, we see that 
W-/iv/6(g,/e) are G 2 -cofinite and Z 2 -rational (cf. |G21 ILa) lY]!. By 
[DLM( [E]. we obtain the modular invariance of the characters of (twisted) 
modules of the W-algebras. For Eg case, we see that the characters of 
the t-twisted modules (Ramond twisted modules) coincide with mod¬ 
ular invariant characters of the intermediate vertex subalgebra 
[Kawlj . The Ramond-twisted irreducible characters of W-h'Jfe) 
form a basis of the solutions of modular differential equation fll.ll) with 
/i = —551/900, which is the “hole” of the 2-character RGFTs |MMSj . 

The W-algebras associated with other series of g and higher levels k 
will be considered in the forthcoming papers. The affine vertex operator 
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algebras l/_/iV/g(g) (g is Deligne exceptional) will be considered in the 
forthcoming paper. 

In section 2, we consider the structure (branching rule) of the W- 
algebras and explicitly give the isomorphisms in Theorem 11.11 and eq. 
fll.dp . In section 3, we explicitly show the key lemma for q = D 4 
and Q = Eg, which are the smallest and largest examples with non- 
admissible levels. The remaining cases are shown similarly. In section 
4, we mention some remarks about modular invariance of the charac¬ 
ters of W and other series. Section 5-8 are appendixes. In section 5 
(Appendix A), we review and introduce the notion of AIAs and quasi 
GVAs and modihcation of the quasi-GVAs. Following [BK] . we use the 
locality to dehne the AIAs. In section 6 (Appendix B), we consider 
the extension of L(—3/5, 0) and modihcation of Vhp In section 7 (Ap¬ 
pendix G), we recall some well-known vertex algebras and generalized 
vertex algebras. In section 8 (Appendix D), we consider some general 
facts for the abelian intertwining algebras for the reader’s convenience. 
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Notations. We denote the non-negative integers by Z_|_. We denote 
the positive integers by Z>o and the negative integers by Z<o. We 
denote the non-negative rational numbers by Q+. All vector spaces are 
over the held of the complex numbers C. We denote Z„ = Z/nZ for 
n G Z>o. For x = k + nL G Z„, we denote k = x. For a hnite set A, 
we denote the cardinality of A by jjA. 

2 . W-ALGEBRAS ASSOCIATED WITH A MINIMAL NILPOTENT 

ELEMENT 

2.1. Preliminaries. In this section, we recall the notations of W- 
algebras associated with a minimal nilpotent element |KW2j . 

Let g be a hnite dimensional simple Lie algebra. Let I) be a Gartan 
subalgebra and A C g* the set of root of li in g with a set of positive 
roots A+ C A. Let 6* G A denote the highest root of g. Let (-I-) denote 
the non-degenerate invariant bilinear form normalized as {0\6) = 2. 
Identify i) with [)* by using this form, and set x = 6*/2 G f). Let f = fe 
be a non-zero lowest root vector with a s/ 2 -ti'iple (e, x, /) with [x, e] = e. 
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[x, /] = —/ and [e, /] = t, so that e is a highest root vector. As the 
ad T-eigenspace decomposition, we have the minimal gradation 


g = 0_1 © 0 _i /2 © 00 © 01/2 © 01 

with 01 = Ce and 0 _i = C/. Here, g„ := {n G 0 |[a;,n] = nv}. Denote 
by 0 -^ the centralizer of / in g and by g^ the subspace g-^ fl go- Then, 
0 ^ coincides with the centralizer of the s/ 2 -triple (e, t,/), and g^f the 
subspace g_i © 0 _i /2 © 0 ^- Set [)^ := {h G ^\{x\h) = 0}. Then, 
is a Cartan subalgebra of g^, and we have t) = [)^ © Ct. Dehne the 
skew-symmetric bilinear form (•, •)ne on 01/2 to be {a,b)ne = (/|[o;^])- 
Since (e|/) = 1/2 and [a,b] G Ce for a,b & gi/ 2 , we have 

[a,b] = 2 {a,b)nee, a, 6 G 01/2. 


Note that 

trg(ada)(ad6) = 2/i^(a|6), a, 6 G g. 

Let {ua}aes^ be a basis of g*’ with the index set S\ and {u‘^}aes^ 
the dual basis such that {ua\u^) = ba,/s for a,(3 ^ S'b Set S±i /2 = 
{13 G <h(g)|(/9|6*/2) = ±1/2}. Let {u^]^(zSi /2 be a basis of 01 / 2 , and 
{u<}.y^Si /2 ^be dual basis such that {u^\u^)ne = ^ 7 ,?? for 'y,'!] E S' 1 / 2 . For 
V G 00, we denote by the orthogonal projection of go on g^ Let 
denote the Killing form of go. Denote by hg ^ the dual Coxeter number 
of the i-th simple component g^ of g^ with respect to the bilinear form 
('I') restricted to g^. 

Let A; be a complex number. Recall that the universal W-algebra 
FV^(g, fe) is a |Z+-graded vertex operator algebra with the conformal 
vector u of central charge 


Cw 


k dimg 

k + h'^ 


-6k+ 11^ -4. 


Recall the A-bracket [axb] = Yl^=o ^"'Ci{n)b/n\, a,b E hF^( 0 , /). Note 
that the A-brackets are substitutes of the OPEs. 

Let K be a vertex algebra, and R be a subspace of V. The subspace 
B strongly generates V if the monomials 


Vi(mi)v2(m2) ■ ■■v^(m^)j0} E V, 

(s E with Vi E B, mi E Z<o, i = 1,..., s) span V. Let S' be a basis 
of B with a total order on S. The subspace B obeys the PBW theorem 
if the monomials 


Vi{mi)v2{m2) ■ ■■Vs{ms)\0) E V, 

(s E Z+ with Vi E S, mi E Z<o, i = 1,..., s, where the sequence of pairs 
{vi,mi), {v 2 ,m 2 ), ■ ■ ■, {vs,ms) is non-increasing in the lexicographical 
order) form a basis of V. We call the basis a PBW-basis of V and 
denote it by S. 
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Proposition 2.1. |KW2[ Theorem 5.1, Theorem 4.1] |KWcl pp.454] 
The universal W-algebra f) is strongly generated by the confor¬ 
mal vector uj and certain linearly-defined primary vectors a G 0 ^ 

of conformal weight 1 and v G 0-i/2 of conformal weight 3/2, 

with the OPEs (X-brackets) 

= J'“ +A i/i'') (o|t) - |0), 

[jW^GW] = 


= -2{k + h^){e\[u,v])u + {e\[u,v]) ^ J^““>(- 1 ) 

+ + 2(A; +l)(a + 2A)J^[["’“'’’''^> 

76S1/2 

765i/2 ^ ^ 

+ ^/cT dimg^ - ^ 

^ ^ i ^ 765 i /2 

+ ([w,w 1 ^ [W7>'^]^) 

+^t’^gi/2®0i ad ([[M,M1^ K, |0). 

Moreover, the space of the generators {a;, G G 0 - 1 / 2 } 

obeys the PBW theorem. 


Let denote the vertex operator subalgebra generated by 
a G g^. 

Suppose that g is a Lie algebra not of type Ai. Then, g^ is semi¬ 
simple, and is isomorphic to the universal affine vertex operator 
algebra associated with g*’ and the invariant bilinear form (•, •)^ ; g*’ x 
g^ —)■ C dehned to be (a, bfi = {k + h'^/2){a\b) — (l/4)Kgg(a, b), a,b E g^ 
Here, for a Lie algebra 1, the bilinear form K{(-, •) denotes the Killing 
form of t. Let denote the Segal-Sugawara conformal vector of . 
Since (a G g^) is a primary vector of conformal weight 1 with 
respect to cu, we see that the vector = u—ufi is a Virasoro vector (cf. 
lEEl). Let denote the Virasoro vertex operator algebra generated 
by Then, C >V^(0, /). 

Let W = Wkid, f) denote the simple quotient of W^( 0 ,/). Let V 
and U denote the image of and in W. Then, V ®U <ZW (cf. 
u Proposition 4.3.5]). 

By case-by-case computation, under the assumption of Theorem ll.il 
we see that the pair (g, k) must be a pair in the list of the theorem. 










W-ALGEBRAS WITH NON-ADMISSIBLE LEVELS AND THE DELIGNE EXGEPTIONAL SERIES 


2.2. Level one afRne VOAs associated with the Deligne excep¬ 
tional Lie algebras. Let g be a Deligne exceptional Lie algebra not 
of type Ai with a fixed Cartan snbalgebra () C g. Let ‘h(g), Q(g) 
and P(g) denote the root system, root lattice and weight lattice of g. 
Let ('I') : g X g —)■ C denote the normalized bilinear form on g with 
(ala) = 2 for each long root a E ‘h(g). Fix a base ai ,... ,ai E <F(g) 
with the highest root 6 E <F(g). Let (e^,6',e“®) = Ai C g denote the 
sZ 2 -triple for 9. Consider the level one affine VOA Vi{Ai) = Va^ and 
simple current extension Vi{Ai) © Vi{Ai,6/2) as in Proposition 16.2[ 
That is, we consider the structure 

r(e^ z)e^ = £(/?, 7)A(e^ z)e\ / 3 ,7 e 


with 

e{n9/2, m9/2) 


-1 if (n, m) = (1, 2), (2, 2), (2, 3), (3,1) (mod 4), 
1 otherwise. 


(n ,m E Z). For /3 ,7 G Ai + 9/2, we denote /(e^, z)e^ = Y (e^, z)e^. 

Suppose {ea\a E <h(g)} U{a)^,..., a/} be a Chevalley basis of g with 
the function e : <h(g) x <F(g) —)■ such that [ea,ep\ = e{a, j3)ea+p for 
a,(5 E <F(g) with a + (5 E <h(g) and a + (5 ^ 0, [ea.,e_«J = e{ai, -ai)a'/ 
, [e_«,,eaj = e{-ai,ai){-a/) and e±e = . 

Consider the level one affine VOA Vi(g). Then, Vi{Ai) is a subVOA 
of Ci(g). Consider the commutant V := Commypg)(Vi(Ai)) of Vi{Ai) 
in Fi(g). Explicitly, 

• ^ = for 0 = ^ 2 ; 

. V = V 3 (Ai) for g = G 2 ] 

• V = Vi(Ai)®3 for g = D 4 ; 

• E = Vi(g^)forg = F4,E6,E7,E8. 

Note that V © Fl(Ai) is embedded in Vi(g). Let k'^ denote the level of 
V, that is, := 1 for g = A 2 , D 4 , F 4 , Eq, Ej, E^ and k^ := 3 for g = 02- 
Let h}^’^ denote the dual Coxeter number of g^ for g = G 2 , F 4 , Eg, E 7 , Eg. 
For g = A 2 , set := 0, and for g = D 4 , set := 2. Note that 
= h'^. 

Let N denote the module of V defined to be Vi(g) = V © Vi(Ai) © 
N © Vi(Ai; 0/2) as V © l/i(Ai)-modules. Then, A is a simple current 
of V. Explicitly, 

• ^ = KAAi+73a/2 for 0 = A; 

. A = V 3 (Ai;a/ 2 )forg = G 2 ; 

• A = Vi(Ai; a/ 2)®3 for g = D 4 ; 

• A = Vi(g^; zun) for g = F 4 , Eq, Ej, Eg with n = 3 if g = Eq, and 
n = / — 1 otherwise. 

Here, a denotes the positeve root of Ai, and for g = F 4 , Eq, Ej, Eg, the 
weights wi,..., wi-i denote the fundamental weights of the simple Lie 
algebra g^ labelled as those in [Bon] . Note that we have the conformal 
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weight grading 

OD 

^ ^n+4/3 

n =0 

with 

• ^ 3/4 = for 0 = ^ 2 ; 

• A^ 3/4 = L{a/2) as = ^i-module for g = G 2 ; 

• A^ 3/4 = L{a/ 2 )^^ as g^ = A^^-module for g = D 4 ] 

• ^ 3/4 — L{wn) as g*’-module for g = F 4 , Et, Eg. 

Consider the simple current extension C©iV of the VOA V with the 
intertwining operator I : N x N ^ |DLj . 

Lemma 2.1. There exists a non-zero vector u G N such that 
z~^Gl[u, z)u G V[[z]] and z~^^‘^I{u, z)u\z=o 7 ^ 0. 

Proof. First, suppose that g is not of type A2. Let i be an element of 
{1,..., with {ai\9) 7 ^ 0. Then, a non-zero weight vector u G N3/4 of 
weight ai — 6/2 satishes z~^^‘^I{u, z)u G V[[z]] and z~^/‘^I{u, z)u\z=o 7 ^ 
0. Explicitly, when g is not of type A 2 , the vector z~^'^^I(u, z)ujz=o = 
u(—5/2)u is a non-zero weight vector with weight 20;* — 6 of the g*’- 
module V 3 (the conformal weight homogeneous subspace of V with con¬ 
formal weight 3). When g is of type A 2 , the vector z~^^'^I{u, z)u\z=o = 
u{—5/2)u belongs to V 3 and is a non-zero multiple of the vector G 

E3. □ 

Consider the tensor product AIA (E © A^) © {Vi{Ai) © Fl(Ai; 9/2)). 
Then, by Lemma 12.11 Lemma 15.21 and Proposition 16.11 the subalgebra 
V © Fi(Ai) © A^ © Fi(Ai;6*/2) is a vertex algebra and is the simple 
current extension of the VOA V © Fi(Ai). As vertex algebras, 

V(g) ^ V © W(Ai) © V © Vi(Ai; 0 / 2 ). 

We £x an isomorphism 0 : Fi(g) ^ V © Fi(Ai) © V © Vi(Ai;0/2) 
such that 

4>~^{u © n) = u(—l)n = n(—1 )m, m G V, n G Vi{Ai). 

In particular, 0 (m) = m © |0) for m G V and (j){e±e) = |0) © Let 
(I)*)® denote the subspace of f)* orthogonal to 9 with respect to (-I-)It* 
Let P' denote the set 

P' = {/iG(r)V-^/2e5_i/2}. 

Let 

{e^l/r G P'} C V 3/4 

denote the basis of V 3/4 such that 0 (e^_e/ 2 ) = (/i G P'). 

Then, = -(|0) © e®)(0)(e/, © = - 0 (ee)(O) 0 (e/,_e/ 2 ) = 

- 0 (e 0 (O)e^_ 0 / 2 ) = -e{9,n- 9 / 2 )(j){e^+ 0 / 2 ). 

Note that 

g_i /2 = (0"^(e^ © e"®/2)|/i G P')c, 
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and 

01/2 = ® e P')c- 

Note that the submodule containing {e^|/i G P'} of N coincides with 
N. 

Let L(—3/5, 0) denote the Virasoro minimal model of central charge 
—3/5 with the Virasoro vector = L(—2)|0) and L(—3/5, 3/4) the 
simple current of conformal weight 3/4 with highest weight vector |3/4). 
Consider the intertwining operator normalized as 

/(|3/4),s)|3/4) = -(i + _ (i + ),V)^Vlr.l/2 ^ , 

3 6 

Here, k = —h'^/6,c= —3/5, and h = 3/4. Consider the tensor product 
AIA (V © V) (g) (L(—3/5,0) © L(—3/5, 3/4)). Then, by Lemma ITT] 
Lemma 15.21 and Proposition 16.11 the subalgebra 

IV' = V © L(-3/5, 0) © iV © L(-3/5, 3/4) 

is a vertex algebra and is the simple current extension of V ©L(—3/5, 0) 
with the intertwining operator / © J. 

Set / = 6 - 0 , e = —{ 1 / 2)60 and x = {1/2)9. Consider the universal 
W-algebra W’^ = W^(g, /) and simple quotient W = Wfc(g, /). 

Proposition 2.2. The assignments 

9 ^ e/3 © |0) e IT', /3 e $(0^), 

3 63 a/ © |0) e W, {a/e) = 0, 


ppfc 3 63 e^+e /2 © 1 3/4) e W' , /X G *S'_i/ 2 , 

3u63J®\Q) + |0) © G W' 

induces a surjective vertex operator algebra homomorphism -3 W 
and vertex operator algebra isomorphism W = W. 

Let S'i /2 denote the set of all roots of 0 i/ 2 . Consider the basis = e^, 
7 G 5 'i/ 2 . Let {u^} denote the dual basis such that {f\[u^,u^]) = 
Then, = -e{'y, -7 + 6)e-.y+e. 

In order to show the proposition, we need the following three lemmas. 
Let pL, u be elements of P'. Put u = e^_ 6 i /2 and v = 612 - 0 / 2 - 
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Lemma 2.2. ^45 elements o/Vi(g), 

( 2 . 1 ) 


‘^(^[e,u]{-l)v - ^e{-l)[[e,u],v] 

+ l{e\[uM){0{-iy-2e{-2))\0) 

5h'^ 


= -2 


{e\[u,v])u:^ 


6 

- ^ + O)[u,e-^+0\^{-l)[e^,v\^ 


7 SS 1/2 

+2 d{[[e,u],v]^). 

We show Lemma [2.21 in the next section. 

Lemma 2.3. ^5 elements ofVi{Q), we have 

l/ 2 )c^ ^/ 2 ) 0/2 2 ^^ l)^/i+ 0 / 20/2 




3/2)e^ £‘(0,/X 0/2) ^e^_|_ 0 y' 2 ( 0/2 

+ g(6'(-l)^ - 29(-2))efj_+e/2(l)ei,-e/2^ . 

Proof. Since the conformal weights of e^, e^ are 3/4, we have 

OD 

I (e^, z)ey = ^ e/,(l /2 - n)eyp^~‘^l‘^. 

n=0 

By explicit computation, we have 

/(e®/£ + 20(-2 ))|O)z3/2 + • • ■ . 

2 8 

Also, since the conformal weights of the non-zero elements of g C Vi(g) 
are 1, we have 

OO 

>^(e^+e/ 2 ,^)e,.- 0/2 = ^ e^+ 0 / 2 (-n)e^_ 0 / 2 ^”"^ 

n=—\ 

Since 0(F(e^+0/2,^)e,,_e/2) = -e:(6', p-6'/2)"^y(e^0e®/£ 2:)(e,,(8)e"®/2) 
and = (/(e^, ^)e,^) ® we have 

e^+e/2(l)ei.-0/2 = -^(6', p - 6'/2)0"/(e^(l/2)ei.) 0 |0)), 
e/^-i-6»/2(0)ey_6)/2 = —e{9,ij, — 9/2) 

■ Q</>"^((eM(l/ 2 )e^) 0 0 ) + 0 "^((e^(-l/ 2 )e,,) 0 | 0 ))^ , 






W-ALGEBRAS WITH NON-ADMISSIBLE LEVELS AND THE DELIGNE EXGEPTIONAL SERIES 


and 

e/i+0/2(~l)eiy-e/2 = ~ ^/2) 

. (^-r\(eAin)e.) ® (»(-!)= + »(-2))|0)) 

+'^'#>^'((e(.(-l/2)e^) ® S) + i^“'((e„(-3/2)e„) 0 |0>) j. 

Thus, we have the lemma. □ 

Lemma 2.4. 

e^+ 0 / 2 (l)e^_e /2 = -2e{e, ^ - 9/2)~^{e\[u,v\)\^), 

e/,+0/2(O)e^_0/2 = - 2 e{e,ii- 6'/2)"^[[e, m], n], 

and 

ef,+B/ 2 {-l)eu-e /2 = -2e{9, fi - 9/2)~^ [e, u] (-l)n. 

Proof. We show the first equality. We have e^+ 6 i/ 2 (l)ei/- 6 i /2 = (e;,+6)/2|ei/-6i/2)|0). 
By the invariance of (-I-), 

(e/i+ 6 »/ 21613 - 0 / 2 ) = 6(0,/! — 6^/2) ^([eg, e^_6)/2]|6y-6»/2) 

= e{ 6 ,^ — 6 / 2 ) ^(e^l [e^_6)/2, 6 i/-0/2])- 

Therefore, 

^^^+e/ 2 {^)eu-e /2 = e{9,ir — 9/2) ^(e 0 |[e^_ 6 i/ 2 ,6i/-6»/2])|0) 

= - 2 e{e, /r - e/2)~^{e\[ef,-e/2, ei._0/2])|0) 

= -2e{9,fx-9/2)-^{e\[u,v])\0). 

Hence, we have efj_+e/ 2 {^)eiy-e /2 = -2e:(6',/i - 6'/2)“^(e|[M,n])|0). □ 

Proof of Proposition \2. gl Put Hi = E $(fl^)}U{ = 

0} and B 2 = ^ p'}. Put H = Hi U H 2 U {a;} and £x a total 

order on H. Since the space spanned by the generators H with the basis 
H obeys the PBW-theorem, we obtain the linear map //> : —?• W 

induced from the assignments of the proposition by using the PBW- 
basis H of W^. That is, we set 

-0(^1 (7711)^2(^2) • • •ns("is)|0)) = 'tp{vi){mi)ii{v2){m2) ■ • •'0(nJ(77iJ|O), 

(s G with Vi E S, ki E Z+, rui G Z<o, i = where the 

sequence of pairs (ui, ttii), {v 2 , m 2 ), ■ ■ ■, {vg, mg) is non-increasing in the 
lexicographical order). We show the compatibility of the OPE (A- 
bracket) 

( 2 . 2 ) ['4!{u)x'ijj{v)] = 'ipiuxv], 

(u, V E B) under f). Let u, v be elements of H, and suppose that u = u 
or V = uj. Then, the coefficients of [mat] in aLe multiples of monomials 
of the PBW-basis H. Since cw = — 3/5, by comparing the conformal 
weights, we have eq. fl2.2l) . Here, is the central charge of V. 
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Let u,v be elements of Bi. Then, the coefficients of [ma'I’] in A are 
multiples of monomials of the PBW-basis B. We show eq. 02 .21) . When 
g = A 2 , the set Bi is empty. Therefore, we have eq. 02 .21) . Suppose g 
is not of type A 2 . Then, it suffices to show (ea,e^)^ = k\ea\ei 3 ). Since 
go = g^eC^, we have (e«,e/3)^ = {k+h'^/2){ea\ei3)-{l/4:)2h'^’\ea\ei3) = 
{hy/3 — h'^’'^/2){ea\ep). Since h^/3 — h'^’'^/2 = 1, we have eq. 02 .21) . 
Consider the vertex operator subalgebra T := (i?i, ci;)v.a. C W^. Here, 
(^)v.a. the smallest vertex subalgebra containing the subset A C W^. 
Since the OPEs among the elements of Bi U {a;} are compatible under 
"0, the restriction '0|'r : T —)■ W is a vertex operator algebra homomor¬ 
phism. 

Let u and v be elements of B, and suppose u G i?i U {cj} or u G 
BiU{u}. Then, the coefficients of [uxv] in A are multiples of monomials 
of the PBW-basis B, and we have eq. 02 . 2 p . 

Finally, let u,v be elements of B 2 with fi,^ E P' such that u = 
Qp^-e/2} and V = Then, the coefficients of [uxv] in A be¬ 

long to the vertex operator subalgebra T. We show the compatibility 
of the OPE '^[uA'y] = Since W^W are (l/2)Z+-graded 

VOAs, and the vectors u,v,'iI)u,%Ijv are of conformal weight 3/2, we 
have 'ip{u{i)v) = 0 = 'ipu{i)'ipv for i > 3. Therefore, it suffices to 
show 'ip{u{i)v) = 'ipu{i)'ipv for i = 0,1,2. By eq. 05.11) . it suffices to 
show V’('?^(0)n) = ipu{0)iljv. We have (e^ (g) |3/4))(0)(e,^ ® |3/4)) = 
(e^(—3/2)ey) ® (h^/3)|0) — (e^(l/2)e,y) ® (5h'^/6)a;^‘L Therefore, by 
Proposition 12.11 and Lemma 12.2112.41 we have 'ijj{u{0)v) = 'ijju{0)'ijjv, 
since "i/lr is a vertex operator algebra homomorphism. 

Hence, we have eq. 02. 2 p for each u,v E B. Therefore, ip : —)■ W 

is a homomorphism of vertex operator algebras. Since ip{B) generates 
the vertex algebra W, ip is surjective. Since W is a simple vertex al¬ 
gebra, the homomorphism ip induces the isomorphism W = W. Thus, 
we have the proposition. □ 

By Proposition l2.21 we obtain Theorem 1 1.1 1 except for the case (g, k) = 
(G 2 ,1/2), which is proved similarly. It will be considered in the forth¬ 
coming paper. 

Remark 2.1. Suppose g = D 4 , Eq, E'^, Eg. Then, the number k = 
—h '^/6 is not an admissible number. Therefore, yVkid, fe) is a new 
example of a G 2 -co£nite W-algebra. When g = G 2 , Hi, H 2 , G 2 , T 4 and 
k = 1/2, —1/3, —1/2, —2/3, —3/2, the levels k are admissible numbers, 
and the simple W-algebras Wfc(g,/) have already been known to be 
G 2 -co£nite |A3j . The vertex operator algebra W_i/ 2 (H 2 ,/e) with cer¬ 
tain other conformal vector is a Bershadsky-Polyakov algebra, and it 
has already known to be rational [A4j . Note that the abelian inter¬ 
twining subalgebra 0 L(-3/5, 0) © 0 L{ -3/3, 3/4) 

^(v/ 3 / 2 )Ai (-^(“3/5, 0) © L(—3/5, 3/4)) is considered in |FJMj . 
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3. Proof of Lemma \J72\ 


In this section, we give the proof of Lemma [2.21 for g = and E^, 
which are the smallest and largest examples with non-admissible levels, 
by nsing strncture of the lattice vertex operator algebras Vd^ and Ve^- 
The remaining cases are proved similarly (for non simply-laced cases, 
it is convenient to consider the “folding” (cf. |Kacll §7.9])). Let us 
take over the setting and notation in Section [221 

Suppose that g is simply-laced, that is, g = A2, L* 4 , Eq, Ej, E^. Let Q 
denote the root lattice of g. Fix orientations i —)■ j on the edges in the 
Dynkin diagram, where i, j = 1,..., / are nodes of the Dynkin diagram 
such that {ai\aj) = —1. Define the 2-cocycle e : Q x Q ^ {1, —1} hj 
bimultiplicatively extending the assignment 



(cf. [Kacll §7.8]). Note that e{9,—9) = e{—9,9) = —1. Consider the 
lattice vertex operator algebra 




n=0 


associated with Q and the 2-cocycle e. Since Vq is isomorphic to Vi(g), 
we consider Vq instead of Fi(g). The weight 1 subspace (Vq)i with the 
Lie bracket [a, h] = a{0)b is isomorphic to the Lie algebra g. We identify 
g = (Vq)i. Then, the basis 


{e“|a e $(g)} U {«,|* = 1,...,/} C (Pq)i 


is a Chevalley basis of g with £|$(g)x$(0) : ‘h(g) x <I)(g) —)■ {1, —1} 
satisfying the assumption in 1 12.21 Note that for a E Q, the vector e“ 
belongs to (Vq)i if and only if (ala) = 2. 

Then, it suffices to show the following lemma to prove Lemma 12.21 
Let a,/5 be elements of S'_i/ 2 . 

Lemma 3.1. (1) Suppose {a\/3) = 1. Then, 


(3.1) — = ^{7 G ^i/ 2 |(a| - 7 ) = 0, ( 7 I/ 5 ) = -!}• 


(2) Suppose (a|/d) = 0. Then, 
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(3) Let a be an element o/S'_i/ 2 . Then, 

( 2 - 2 ) —^ 2 ^) + - 6 ^ (- 2 )^ | 0 ) 



-i + «)(_i)^ + („_^ + «)(_2))|0> 

7e5i/2,(a|-7)=0 

“ + 2 ^^ (“ 1 )^| 0 ) “ ^^ + 1 ^ + - 6 ^ (- 2 )| 0 ). 

We prove the remaining equations of the lemma in the next section 
for g = Di and Eg, which are the smallest and largest examples with 
non-admissible levels. 

Proof of Lemma\2fM (when g is simply-laced). Let a, (3 be elements of 
S'_i/ 2 . Set M = e“ and v = e^. Since the vectors e®", a G S'_i /2 span 
fl-i/ 2 , it suffices to show eq. fl2.1l) for u, v. Note that (a|/3) = —1, 0,1, 2 
and {a\0) = {(3\9) = —1. We show by case-by-case computation. Put 
X = {7 G S'i/ 2 |(a| - 7 ) = 0, ( 7 |/d) = -1}. Put C := e{9,a)e{9 + 
a, (3). Then, for any 7 G S' 1 / 2 , we have C = £( 7 , —7 -|- 9)e{a, —7 -|- 
0)£(7,/3)£(a-7 + 0,7 + /?). 

When {a\(3) = 2, the both hand sides of eq. eu are 0 . 

Suppose (a|/?) = 1. Since (a|/?) = 1, the vector is of confor¬ 

mal weight 2, and we have [[e, m],u] = 0 and {[e,u]\v) = 0. The LHS 
of eq. fl2.ip is equal to —The RHS of eq. fl2.ip is equal 
to - E 7 ex By eq. (jST]), -h''/3e“+^+® = -^ 76 x 6 “+^^®- 

Hence, we have eq. (EH. 

Suppose (a|/?) = 0. By comparing the orthogonal projections to C9 
of the both sides of eq. fl3.2p . 

(3.4) ^{7 G ^i/ 2 |(a| - 7 ) = 0, ( 7 I/?) = -1} = 4(h'^/6 - 1). 

We have G (Vq)i, and {[e,u]\v) = 0. The LHS of eq. fl2.ip is 

equal to —Ch'^/3{a + l/20)(—l)e“+^+®. The RHS of eq. fl 2 .ip is equal 
to - E 7 ex C'(a - 7 + 0)(-l)e“+^+® - C{a + 1/20)(-l)e“+^+^ - C{a + 
l/20)(-l)e“+^+®-C'(-h''/6+l)(0+a+/?)(-l)e"+^+®. By eq. (jM]) and 
dil, Eyexi»-7+9)(-l)e‘^+^+^ = (h''/6-l)(20+3a+/?)(-l)e“+^+®. 
Therefore, we have eq. fl 2 .ll) . as desired. 

Suppose (a\B) = —1, that is, (3 = —a — 9. Similarly, we have eq. 
02.ip by using eq. fl3.3p . 

Thus, we have the lemma. □ 


3.1. Proof of Lemma 13.IL We show Lemma 13.11 when g = ZI 4 and 
which are the smallest and largest example with non-admissible 
levels. The remaining cases are proved similarly. 
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0.1 0^3 



Figure 1 . Dynkin diagram of D4 ^ 

3.1.1. The case g = D^. Suppose g = D 4 . Then, h'^ = 6, and = 2. 
We explicitly use the root system of D 4 . The root system $(114) of ZI4 
consists of the following 24 elements (cf. |Bonj h 

laei + ucj (i, j = 1,... ,4,i < j,/i, z/ = ±1), 

with the indeterminate elements ci,... ,64 with the bilinear form (-I-) 
dehned by linearly extending {ei\ej) = Sij. Consider the simple roots 
ai = Ci — Cj+i (z = 1,2,3) and 04 = 63 + 64 with the highest root 
9 = ei + € 2 . The Dynkin diagram of D 4 is illustrated in Figure [U Set 

^± 1/2 := {a e ^D4)\{a\e/2) = ±1/2}. 

Then, the sets of vectors {e" G D 4 \a G 5'±i/2} are bases of g±i/ 2 - 
Explicitly, we have 

Si/2 = {g ± /zej|z G {1, 2},j G {3,4}, fi G {±1}} 

and 


S- 1/2 = {—G ± nej\i G {1, 2},j G {3,4}, p G {±1}} 

Note that 

5'±i/ 2 = {a G ^{D4)\{a\zu2) = ±1}. 

Here, zui,... ,ZU 4 are the fundamental weights of D 4 . 

We show Lemma Em by case-by-case computation. 

Note that the Weyl group of D 4 acts on <h(D 4 ) and S'±i /2 are 
invariant under the stabilizer of 9, and coincides with the 
subgroup (Sym 2 x Sym 2 ) x (Z/2Z). Here, two Sym 2 ’s are the symmetry 
group of the set { 61 , 62 } and { 64 , 63 }, and (Z/2Z) the transformations 
6 j I— )■ h'iC.i (z = 1,..., 4) with = z /2 = 1 and = 1^4 E {±1}- 
Put X = {7 G S'i/ 2 |(q;| — 7 ) = 0, (71/5) = —1}. Note that {7 G 

Si / 2 \{—^i ± ^sld) = 0} = {61 ± 63, 62 ± 64, 62 — 64}. 
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The case (1). Suppose (a|/9) = 1. We show eq. fl3.ip . The LHS of eq. 
fl3.ip is equal to 2. Therefore, we show 


K7 e ^i/2|(a| - 7) = 0, (71/3) = -1} = 2. 


The all pairs (a,/3) such that a,/9 G *S'_i/ 2 , (a|/3) = 1 are given by the 
following pairs: 

(-Cj + /iej, -ei + z/efc), /r, z/ G {±1},^ G {1,2}, j,/c G {3,4}, j ^ k] 

{-ei + nej, -efc + /uej), p G {±l},i,k G {l,2},i 7 ^ k,j G {3,4}; 

By the action of the Weyl group Wd^, it suffices to consider (a, /3) = 

(~ei + ^3) + q); (~fi + ^3) ~ + ^3) ~^2 + £ 3 )- 

Set a = —ei + 63 and (3 = —ei + € 4 . Then, X = {ei + 63 , —62 — e^}. 
Hence, jjX = 2. 

Set a = —ei + 63 and {3 = —ei — 64 . Then, X = {ei + 63 , —62 + € 4 }. 
Hence, jjX = 2. 

Set a = —ei + 63 and (3 = —62 + £ 3 . Then, X = {e 2 + z/e 4 |z/ G {±1}}. 
Hence, jjX = 2. 

Thus, we have eq. fl3.ip . 

The case (2). Suppose {a\f3) = 0. We show eq. 03.21) . The LHS of eq. 
03. 2 p is 0. Therefore, we show X = 0. 

The all pairs (q:,/ 3) such that a, (3 G S_i/ 2 , (a|/3) = 0 are given by 
the following pairs: 

{-ei + nej,-€i- nej), p G {±1},* G {l,2},j G {3,4}; 

(-e* + /ie^, -ej + z/e*) /i, z/ G {±1}, {i,j} = {1,2}, {s,t} = {3,4}. 

By the action of the Weyl group Wd^, it suffices to consider (a, (3) = 
(-ei + 63 , -ei - 63 ), (-ei + 63 , -62 + 64 ), (-ei + 63 , -62 - 64 ). For each 
case, we have X = 0. 

Thus, we have eq. 03.2p . 

The case (3). Let a be an element of S'_i/ 2 . We show eq. 03.3|) . 
By the action of the Weyl subgroup it suffices to consider a = 

—62 + £3 = — 0 ' 2 - Set a = —62 + 63 . Put X = {7 G 51 / 21 ( 0 : 17 ) ~ 0}- 
Then, X = {e 2 + £ 3 , ei + € 4 , ei — e^}. Note that X = { 0:2 + 03 + 04 , on + 
02 + 04 , oi + 02 + 03 }. We have 



i=l,3,4 
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We have 9 = ai + 2a2 + 03 + 04. Therefore, a + 1/26* = 1/2 3 4 

Then, the RHS of eq. fl3.3p is equal to 

i 5; a.(-l)^|0)-l (a.(-l)= + a,(-2))|0> 

^ i=l,3,4 ^ i=l,3,4 

-(i E “<) (-!)» =-((a+ ^9) (-T 

+ (^^ + 2^^ (~2)^ |0), 

which coincides with the LHS. Hence, we have eq. 03.31) . 

Thus, we have Lemma [3.11 


02 

o 


tts 

0 -o-o-o-o-o-o 

dj dQ 05 d 4 03 di 


O 

9 


Figure 2. Dynkin diagram of Fg 


3.1.2. The case g = Fg. Suppose g = Fg. We explicitly use the root 
system of Fg. The root system ‘h(Fg) of Fg consists of the following 
240 elements (cf. |Bouj ): 

laci + ucj (i, j = 1 ,... , 8 ,i <j,ij,,iy = ± 1 ), 


1 

2 




1=1 



±1 such that E Ui is even 

i=l 




with the indeterminate elements ei,..., eg with the bilinear form (-I-) 
dehned by linearly extending (e/ej) = 6 ij. Consider the simple roots 

di = 1/2(61 — 62 —63 —64 —65 —eg —ey + eg), d2 = 61+62, di = —ej_2+ej_i 

{i = 3,... ,8) with the highest root 6 * = 67 + eg. The Dynkin diagram 
of Eg is illustrated in Figured Set 


^± 1/2 := {« e HEs)\{d\9/2) = ±1/2}. 
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Then, the sets of vectors {e" G Eg\a G *$'±1/2} are bases of 0±i/2- 
Explicitly, we have 


Si/2 — {h-Q + e?) — 1,..., 6, /i G {±1}} 

1 


U 


E(-i) 




i=l 


I/I,. . . , z/g G {±1}, z/7 = z/g = l,y^ 


z/j : even 


i=l 


and 


S- 1/2 = - € 7 ,fiei - esli = 1,... ,6,p G {±1}} 


U 






Z=1 


z/i,. . . , z/g G {±1}, z/7 = z/g = -1, ^ z/i : 


even 


i=l 


Note that 

5'±i/ 2 = {a G <h(E8)|(a|G7g) = ±1}. 

Here, zui, ..., tzjg are the fundamental weights of Eg. 

We show Lemma [3.11 bv case-by-case computation. 

Note that the Weyl group Wog of Eg C Eg acts on <h(Eg) and S±i /2 
are invariant under the stabilizer of 9, and coincides with 
the subgroup (Symg x Sym 2 ) x (Z/2Z)®. Here, Symg and Sym 2 are the 
symmetry group of the set {ei,... ,eg} and { 67 , eg}, and (Z/ 2 Z)® the 
transformations e* hA z/je* {i = 1,...,6) with z/i,...,z/g G {±1} and 

ELi = 1- 

Put X = {7 G ^i/ 2 |(a| - 7 ) = 0, ( 7 I/ 3 ) = -1}. 

The case (1). Suppose {a\f3) = 1. We show eq. fl3.ll) . The LHS of eq. 
fl3.ip is equal to 10. Therefore, we show 


tt {7 e ^i/2|(a| - 7) = 0, (7I/3) = -1} = 10. 

The all pairs (a,/?) such that a,/5 G 5'_i/2, (a|/S) = 1 are given by the 
following pairs: 


(/iCi -efc,z/ej -Cfc), /i, z/ G {±l},i,j G {1,..., 6}, i 7^ j, fc G {7,8}; 


(/iCi - 67, pe* - eg), (pe* - eg, pe, - e7) p G {±1}, i G {1,..., 6}; 



t G (7, 8}, p, z/i,. . ., z/g G {±1}, /i = z/^, z/7 = z/g = -1, ^ z/i = 1; 

2=1 






zziei 


^ 5 : 

2=1 

,... ,z/g G {±l},z/7 = z/g = -l,^z/i = 1, j, fc G {1,... ,6}, j ^ k. 


i=j,k 
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By the action of the Weyl subgroup it suffices to consider 

(a,/ 3 ) = (€1-67,62-67), (61-67,61-68), (61-67, l/2(X;-=i'^*-e7-63)), 

(“ 1/2 ZlLi -1/2(-6i - €2 + *"*))• 

Set ct = 61 — 67 and /? = 62 — 67. Then, X = {61 + 67, —62 + 

^85 1/2(61 — 62 + XlLs + 67 + 68 ) 1 ^ 3 , ■ ■ ■ , 1^6 £ {=^ 1 }, XlLs “ “!}• 
Hence, ^X = 2 + 2V2 = 10. 

Set a = 6 i — 67 and (3 = ei — eg- Then, X = {z/ 6 j + 68 |p E {±1},* = 
2,..., 6}. Hence, ftX = 2 x 5 = 10. 

Set a = 61 — 67 and (3 = l/2(^®^;^ 6* — 67 — 63). Then, X = {—ej + 
^ 851 / 2(61 + 6 fc — ^-^2 + ^7 + ^ 8 )b) ^ £ {2, ..., 6 }}. Hence, 

^X = 5 + 5 = 10. 


Set Oi = -l/2X]®^i6i and (3 = -l/2(-6i - 62 + XlLa 

^ l/2(-^ 

{7,8}, j, A; e ( 2 , ... , 6 }, j 7 ^ A;}. Hence, jjX = 2 x 2 + 


6 i). Then, 

{1,2},A e 

= 10 . 


Thus, we have eq. 03. 

The case (2). Suppose {a\j3) = 0. We show eq. 03.21) . The LHS of eq. 
03.2p is 86 ' + 4a — A(3. Therefore, we show 7 = 86 ' + 4a — A(3. 

The all pairs (a,/3) such that a,(3 E S- 1 / 2 , (q;|/ 9 ) = 0 are given by 
the following pairs: 


(p6i - 6fc, -p6j - 6fc), p e {±1}, z e (1,..., 6}, A: G (7, 8}; 


(p6i-67,Z/6j-68), (z/6j-68,/i6i-67) fi,UE {±l},i,j G (1, . . . , 6}, i 7^ j; 



t E {7, 8}, z/i,. . ., z/8 G {±1}, z/7 = 1/8 = -1, ^ z/i = 1; 

i=l 


(^ S M Y1 ] ] ’ 

V i=l V 1=1,...,6,1^j,k i=j,k,7,8 ) ) 

z/1, .. .,1/8 G {±l},z/7 = P 8 = -l,^Pi = 1 , j. A: G { 1 ,... , 6 }, j 7^ k. 

By the action of the Weyl subgroup H^g, it suffices to consider 
(a, ( 3 ) = (61 - 67, -61 - 67), (61 - 67, 62 - 63), (61 - 67, -1/2 

(-1/2 Ell e. -l/2(- Ell e. + Els ^0)- 

Set a = 61 — 67 and (3 = —6i — 67. Then, X = {l/ 2 (Ei=i 73 + 

EI2 ^*ei)|z/2,..., z/6 G {±1}, EI2 = !}• Hence, E^exT = 8(61 + 
^7 + ^s) = 86 ' + 4 a — 4 / 5 . 

Set a = 61 — 67 and (3 = €2 — eg. Then, X = (pcfc + 63 , l/2(6i — 62 + 
Els + £7 + eg\fi, 1/3,.. ., z/g G {±1}, A: G (3,..., 6}, Eli = “I}- 
Hence, E 7 ex 7 = 12^8 + 867 + 4(6i - 62 ) = 80 + 4a - 4(3. 
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Set a = ei — €7 and f3 = —Then, X = {ei + 67 , ek + 
^ 8 A/‘ 2 iJ 2 i=i,...,s,i 7 ts,t^i - e {2, ..., 6 },s ^ t}. Hence, 

E^ex 7 = 80 + 4a - 4/?. 

Set a = -1/2 ELi^* = “1/2(-ELi‘^* + ELs^*)- Then, 

^ l/2(Ei=j,fc,7,8^* “ ^ { 1 , • • • , 4}, t G 

{7, 8 }, k e {5, 6 }}. Hence, 7 = 80 + 4a - 4/3. 

Thns, we have eq. fl3.2p . 

The case (3). Let a be an element of S'_i/ 2 . We show eq. fl3.3p . Note 
that X = {7 G 51 / 2 1(a| 7 ) = 0}. By the action of the Weyl snbgronp 
Wds, it snffices to consider a = —as, —ai — Ei= 3 '^*- We have 

= 2(i+\v,) ^ i:jM-if+M-2))+Ei(-i)5(-i)j io> 

= —(4ai(— 1 )^ + 8 ai(—l)a 2 (— 1 ) + 7 a 2 (— 1 )^ + 12 ai(—l)a 3 (— 1 ) 

+ 16a2(-l)a3(-l) + 12a3(-l)" + 16ai(-l)a4(-l) 
+24a2(-l)a4(-l) + 32a3(-l)a4(-l) + 24a4(-l)^ 

+ 12 ai(—l)a 5 (— 1 ) + 18 a 2 (—l)a 5 (— 1 ) + 24a3(—l)a 5 (—1) 

+36a4(—l)a5(—1) + 15a5(—1)^ + 8 ai(—l)af 3 (— 1 ) 

+ 12 a 2 (—l)cr 6 (—1) T 16a3(—l)ag(—1) + 24a4(—l)a6(—1) 

+ 20 a 5 (—l)a 6 (— 1 ) + 8 a 6 (— 1 )^ + 4ai(—l)a 7 (— 1 ) 

+6a2(—l)a7(—1) + 8a3(—l)a7(—1) + 12a4(—l)a7(—1) 

+ 10a5(—l)a7(—1) + 8a6(—1 )q^ 7(—1) + 3a7(—1)^)|0). 

Here, <h(g^) = {7 G <h( 0 )|( 0 | 7 ) = 0}, and w\,...,W 7 are the fnnda- 
mental weights for the simple roots ai,..., a 7 of 0 ^ = E 7 . We have 

0 = 2ai -|- 3 a 2 ~\~ 4 a 3 -|- 6 a 4 -|- hag ~ 1 - 4ag -|- 3 a 7 -|- 2as. 

Pnt -X + 0 := {-7 + 0|7 e X}. Then, -X + 0 = {7 e 5 i/ 2 |( 7 |a) = 1}. 

Set a = —as = eg — 67 . Then, the set —X + 0 consists of the following 
elements: 

—eg + es, /i^fc + e 7 , A: G {1,..., 5}, /i G {±1}; 

^ / 5 \ 5 

- I z/jej — eg + e7 + es I , z/i,..., i/g G {±1}, r'i = —1- 

\i=l / i=l 

Note that the latter elements are all elements 7 G 5 i /2 snch that 

( 71 ^ 1 ) = ( 71 ^ 7 ) = ( 71 ^ 8 ) = 1- 

Therefore, the set —X + 0 consists of the following elements: 

8 

2 ai + 2 a 2 + 3 a 3 + 4 a 4 + 3 a 5 + 2 ag + a 7 + as, a 2 + ^ ^ a^, 

k=A 
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8 i+1 8 

(Tfc, 02 + tts + 2 ttfc, i G {1, ..., 5}, j G {2,..., 5}; 

^=4 k=j-\-2 


( 1 , 1 , 1 , 2 , 1 , 1 , 1 , 1 ), ( 1 , 1 , 2 , 2 , 1 , 1 , 1 , 1 ), ( 1 , 1 , 1 , 2 , 2 , 1 , 1 , 1 ), 

(1,1, 2, 2, 2,1,1,1), (1,1,1, 2,2, 2,1,1), (1,1, 2, 3, 2,1,1,1), 

(1,1, 2, 2, 2, 2,1,1), (1, 2, 2, 3,2,1,1,1), (1,1, 2, 3, 2,2,1,1), 

(1, 2, 2, 3, 2, 2,1,1), (1,1, 2, 3,3, 2,1,1), (1, 2, 2, 3, 3,2,1,1), 

(1, 2, 2,4, 3, 2,1,1), (1, 2, 3,4,3, 2,1,1), (1, 0,1,1,1,1,1,1), 

( 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ). 


Here, the symbol (rii,... ,ns) denotes Yl\=i'^k(y-k- Then, we see that 
the RHS of eq. fl3.3p equals —5((a + 6*/2)(—1)^ + (a + 6'/2)(—2))|0), 
which coincides with the LHS. 

Set a = -ai - XlLs"* = 1/2 (SLi Then, the set 

—X + 9 consists of the following elements: 


+ Q, s G {1,..., 6 }, t G {7, 8 }; 

\i=j,k,7,8 / 

Note that the latter elements are all elements 7 G S' 1/2 such that 

(71^2) = (hl^s) = 1 , (71^1) > 1 - 

Therefore, the set —X + 6 consists of the following elements: 


8 

^ afc, i G {1,... , 6 }, 

k=i-\-2 

2(yi 2o; 2 “1“ 3o^3 4* 5o^4 4“ 4 q; 5 4“ 2o;7 4“ 

2o^i 4“ 2of2 4" 4 o^ 3 4“ 5o^4 4“ 4 q^ 5 4“ So^g 4“ 2o^7 4“ 

8 j+l 8 

ttfc; <T2 + 0^3 + 2 (Tfc + afc, i G {1, ..., 5}, j G {2,..., 5}; 

A;=i+2 /i;=j+2 


( 1 , 1 , 1 , 2 , 1 , 1 , 1 , 1 ), ( 1 , 1 , 2 , 2 , 1 , 1 , 1 , 1 ), ( 1 , 1 , 1 , 2 , 2 , 1 , 1 , 1 ), 

(1,1, 2, 2, 2,1,1,1), (1,1,1, 2,2, 2,1,1), (1,1, 2, 3, 2,1,1,1), 

(1,1, 2, 2, 2, 2,1,1), (1,1, 2, 3,2, 2,1,1), (1,1, 2, 3, 3,2,1,1), 

( 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ), ( 1 , 1 , 1 , 2 , 2 , 2 , 2 , 1 ), ( 1 , 1 , 2 , 2 , 2 , 2 , 2 , 1 ), 

(1,1, 2, 3, 2, 2, 2,1), (1,1, 2, 3, 3, 2, 2,1), (1,1, 2, 3, 3, 3, 2,1). 


Here, (ni,... ,ns) denotes Y^k=i'^kOtk- Then, we see that the RHS of 
eq. 03.4 equals — 5((q: + 6'/2)(—l)^ + (a + 6'/2)(—2))|0), which coincides 
with the LHS. 

We see that for a = —ag = and a = —ai — Y^i =2 ~ 

l/2(^.^i ^i — J2i=7 8 the both hand sides of eq. fl3.3|) equals —5((a + 
6*/2)(—1)^ + (a + 6''/2)(—2))|0). Hence, we have eq. fl3.3l) . 
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Thus, we have Lemma [3.11 


4. Remarks 


Remark 4.1. Let 0 be a Deligne exceptional Lie algebra not of type Ai 
with k = —hy/Q or C 2 with k = 1/2. Set W = Wfc( 0 ,/e). Consider 
the group Z 2 = {id, l} as in Theorem ll.il 

We call the id-twisted modules the L-weight twisted modules and the 
t-twisted modules the id-weight twisted modules. The id-weight twisted 
modules are usually called the Ramond twisted modules. We call the 
usual modules (= id-twisted modules = t-weight twisted modules) the 
Neveu-Schwarz twisted modules. 

Note that the (twisted) modules of W have compatible actions of 
Z 2 . We £x an action of Z 2 for each (twisted) module. 

Let V be an element of W. Let g,h be elements of Z 2 . Let M 
be a ^f-weight twisted module. Dehne the 1-point correlation function 
associated with ^f, h to be 


Sm{v,t) := tiM (o(u) o hq^° , 


where r is a point on the complex upper-half plane. Here, o{v) denotes 
the zero-mode of v dehned by linearly extending the assignment o{u) = 
u{wt{u) — 1) for each conformal weight-homogeneous u G W, Lq the 
zero-mode of the conformal vector u G W, and c = cyv the central 
charge of W. 

Dehne the conformal block associated with g, h to be 

C{g,h;v) := (S'^(n,r)|M is a (/-weight twisted module)c. 

Then, by the result of |DLM( lE] , we have the following corollary. 
Corollary 4.1. Letv be an element ofW and g, h elements 0 /Z 2 . Then, 



formation 



Thus, we have the modular invariance of the (twisted) modules of W. 



In particular, we have the modular invariance 


C (id, id; v) of the 1-point correlation functions of the Ramond twisted 
represent at ions. 

Remark 4.2. Suppose 0 = Eg. Then, the Neveu-Schwarz twisted irre¬ 
ducible modules of W are explicitly given by the following: 


Mq — £ 1 (^ 7 ) ® Li^ —3/5, 0) © Vi(E 7 ; ^ 177 ) © L(—3/5, 3/4), 
Ml = Vi (E 7 ) © L(—3/5,1 /5) ® Vi{E y] zuy) 0 T( —3/5, —1/20). 
Note that Mq is the adjoint module of W. 







W-ALGEBRAS WITH NON-ADMISSIBLE LEVELS AND THE DELIGNE EXGEPTIONAL SERIES 


The Ramond twisted irreducible modules are explicitly given by the 
following: 

M 2 = Vl{E^) ® L(-3/5, -1/20) © Vii^E-j^wr) © L(-3/5,1/5), 

Af 3 = © T(—3/5,4/3) © V\{^E-j] zuy) © T(—3/5, 0). 

By the above result, the characters X 2 (t) = Xsi^) = 

S']^ 3 (| 0 );r) span a S'L 2 (^)-invariant vector space C(id,id, |0)). Note 
that X 2 , X 3 coincide with the characters of the intermediate vertex sub¬ 
algebra VE 7 + 1/2 and its module VE 7 +i/ 2 +ai |Kawlj . By the result of 
[Kawlj . the characters X 2 , Xs form a basis of the solutions of the mod¬ 
ular differential equation fll.ip with /i = —551/900, which was the 
“hole” of the 2 -character rational conformal held theories observed in 
[MMS]. See also jT]. Note that similar “hole” were observed in the 
study of the Deligne dimension formulas |CdM|. [D] and hlled in by using 
the intermediate Lie algebra -E 7 + 1/2 |LM2l IW] . 

Remark 4.3. Let g be a simple Lie algebra with the Vogel parameter 
£ IP 2 [Vl ILM) iMVj . Consider the extended Vogel parameter 
(q:,/9 ,7 , k) G P3 [MVj . and set k = —{a + /S)/2. Normalize the pa¬ 
rameters as a = —2 and set k = k. When g is a Deligne exceptional 
Lie algebra, we have k = —fV/6, and when g is of type Q, we have 
k = 1/2. The branching rules of Wfc(g,/e) for the other simple Lie 
algebras g with k = —{a + /5)/2 will be considered in the forthcoming 
paper. 

5. Appendix A. The abelian intertwining algebras, 

GENERALIZED VERTEX ALGEBRAS AND QUASI GENERALIZED 

VERTEX ALGEBRAS 

5.1. Abelian 3-cocycles. Let Q be an abelian group. Recall the 
Eilenberg-Mac Lane abelian cohomology |EMj . We use the 3-cocycles 
of the cohomology. Let E : Q x Q x Q ^ and Q : Q x Q ^ be 
arbitrary functions. 

Definition 5.1. {E,Q) is a normalized abelian 3-cocycle (NA3) if 

(Al): E{i,j,k)E{i,j,k+l)-^E{i,i + k,l)E{i+i,k,l)-^E{j,k,l) = 

1 , 

(A2): E{i,j,k)-^Vt{i,j+k)E{j,k,i)-^ = Vt{i, j)E{j,i,k)-^Vt{i,k), 
(A3): E{i,i,k)VL{i+ j,k)E{k,i,i) = D(j,/c)F(i,/c, j)D(b fc), 
(A4): F(i, j,0) = F(i,0, j) = F(0,z,j) = 1, 

(A5): D(q0) = D(0,0 = 1, 
for i, j, k,l E Q. 

Dehne B : Q x Q x Q ^ to be 

Bii,j, k) = E{j,i,k)-^VL{iJ)E{iJ, k) 
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{i,j,k G Q). Let g : Q —)■ (g(i) = f2(i,i)) denote the associated 

quadratic form |EMj . and A : Q x Q ^ CfZ the unique symmetric 
bilinear map such that 

^ q{i + j)q{i)-\{j)-^ = 

Remark 5.1. The map 

/ : {Normalized abelian 3-cocycles} —)■ Map((5 x Q x Q,C^), 

{F,n) ^ B 

is injective. (This remark is shown in Section [8T|1 . 

5.2. Fields, locality and abelian intertwining algebras. Let U 

be a vector space. We identify the subsets of C/Z and the Z-invariant 
subsets of C. Let n be a positive integer. Let r(l),..., r(?7,) be subsets 
of C/Z. We denote by U[[zi, , Zn, Zn^'^'^]] the space of all formal 

inhnite series 

E f AW AiW 

J{k{l),...,k{n))Zl ■ ■ ■ 

fe(i)er(i),...,fc(n)er(n) 

with /(fe(i),,„,fc(n)) e U. We denote by U[[zi,..., Zn\]zi^^'’■ ■ ■ the 
space of all hnite sums of the form 

i 

with d{l)i e r(l), ..., d{n)i e T{n) and 'il^iizi, ...,Zn) e U[[zi, Zn]]. 
For N G C, we dehne the formal expansions 

= E (}) e (C[Ml*-"+")[H], 

iez+ ^ 

and 

= e'" ^ (}) w«-H-^y e (C[Mli«™)|W]. 

i6Z+ ^ ^ 

We denote Lz,w{z — w)^ = Lz,w{z + e~'^’‘w)^ and iw,z{,z — w)^ = iw,z{,z + 
By using this, we dehne 

: U[[z,w]]z^^w^\z + e-^^w)^ -A 

W,z '■ U[[z,w\]z^^uF‘^{z + e^^'w)^ —)■ 
for Ti, r 2 C C and N G C. 

Let Q be an abelian group and {F, f2) a normalized abelian 3-cocycle 
with maps B and A. Let V = 0„gQ be a Q-graded vector space. 
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Definition 5.2. A field with charge a E Q on V is a formal series 
a{z) G (End(l/))[[ 2 ;, z®']] with the property that 

a{z)b e 

for b G . 

Let a{z) and b{z) be helds with charges a E Q and (3 E Q. 

Definition 5.3. The pair (a, 6) of helds is called local if there exists 
N E A(a, (3) snch that for any 'y E Q and c G V^, 

t'z,w{z — w)^a{z)b{w)c = B{a, (3, 'y)iw,z{z — w)^b{w)a{z)c. 

We call snch an a locality hound of (a, b). 

Now we dehne the abelian intertwining algebras ra by nsing the 
locality axiom following the generalization of the generalized vertex 
algebras in |BK] . 

Let Id be a vector space, |0) G Id a non-zero vector, 5 : Id ^ Id an 
endomorphism and 

F : Id —>■ End(ld)[[ 2 ;, z'^]], a ^ Y{a, z) = ^ a(n)z~^~^ 

nSC 

a linear map. 

Definition 5.4. The qnadruple (V, F, |0),9) is called an abelian inter¬ 
twining algebra {AIA) if 

(1) (vacuum axiom) c}|0) = 0, F(|0),;2) = idy, Y{a,z)ff) E V[[z]] 
and Y{a, z)\t))\z=Q = a {a E F); 

(2) (translation covariance) [9, F(a, z)] = dzY{a,z) (a G V). 

(3) (field and locality axiom) there exist 

(a) an abelian gronp Q] 

(b) a normalized abelian 3-cocycle (F, fl) with the maps B, A; 

(c) a Q-grading V = 0^^^ F" on F, 
snch that 

(d) the vector |0) belongs to F°; 

(e) the operator d is Q-grading preserving; 

(f) for a G Q and a E F", the formal series Y{a,z) is a held 
with charge a. 

(g) the pair of helds (Y{a, z),Y{b,w)) is local {a, (3 E Q, a E 
F", b E F^). 

We denote the AIAs by (F, F, |0), d) or F. The linear map F is called 
the state-field correspondence oi vertex operator^ vector |0) the vacuum 
vector, and operator d the translation operator or derivative. 

Let (F, F, |0),c?) be an AIA with an abelian gronp Q, a Q-grading 
F = 0c^gQ F“ on F and a normalized abelian 3-cocycle (F, fl) satis¬ 
fying the axioms. We call the pair ((F, F, |0), 9), (Q, F, fl)) with the 
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grading V = 0QgQ a Q-charged abelian intertwining algebra (Q- 
charged AIA). We denote it by (V, (Q, F, f2)) or V. 

Let (V,V, |0),9) be an AIA. We denote the transposed operator of 
Y hj Y : V xV —>■ {u,v) t-A Y{u,z)v. Note that the operator 

induces Y : x —)■ for a, fd G Q. Let V he a. 

Q-charged AIA. For X C Q, we denote := Id". 

Let (Id, W, |0)i, di), {V 2 , Y 2 , 10 ) 2 , ^ 2 ) be AIAs. 

Definition 5.5. A homomorphism of AIAs is a linear map / : W 14 
which satishes 

(1) /(W(a,x)6) = F2(/(a),x)/(&) (a,6eVl); 

(2) /(|0>i) = |0)2i 

( 3 ) f 081 = 820 f. 

General theorems for the AIAs are given in Section 18.21 

5.3. Vertex algebras, generalized vertex algebras and quasi 
generalized vertex algebras. We consider three subclasses of the 
AIAs. Let Id be a vector space, |0) G Id a non-zero vector, d : V ^ V 
an endomorphism, and 

r : V ^Ynd{y)[[z,z% ae^Y{a,z) = ^a(n)W”-^ 

nSC 

a linear map. 

Definition 5.6. The quadruple (Id, V, |0),d) is called a vertex algebra if 

(1) V(|0),x) = idy, Y{a,z)\h) G Id[[x]], a = Res^=oI^(a, x)|0); 

(2) d|0) = 0, [d, V(a, ^)] = dW(a, z) (a G V); 

(3) r (a, z)b G Id[[x]]x^(= V((x))) (a, & G V); 

(4) for any a,b E V, there exists N Eh such that 

t'z,w{z - w)^Y (a, z)Y (6, w) = - w)^Y (6, w)Y (a, z). 

Definition 5. 7. [nniBK] The quadruple (Id Y, |0), d) is called a gener¬ 
alized vertex algebra (GVA) if 

(1) y(|0),z) = idy, Y{a,z)\h) E Id[[ 2 ;]], a = Res^=oV(a,2;)|0); 

(2) d|0) = 0, [d,Y{a,z)] = d^Y(a,z); 

(3) there exist an abelian group Q, a Q-grading Id = 0Q,gQ Id“ and 
a function rj : Q x Q ^ such that for any a, (3 E Q, a E Id“, 
b E V^, 

(a) T] is bimultiplicative; 

(b) Y{a,z)b E 

(c) there exists N G A{a,(d) such that 

G,w{z - w)^Y (a, z)Y (6, w) = r]{a, (3 )lu,,z{z - w)^Y (6, w)Y (a, z); 

(d) |0) G V°, d(V") C V“. 

Here, A : Q x Q —)■ C/Zis the bilinear map dehned to be 

g- 27 riA(a,/ 3 ) = 
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Definition 5.8. The quadruple (V, Y, |0), d) is a quasi generalized vertex 
algebra (quasi-GVA) if 

(1) Y{\Q),z) = idv, Y{a,z)\0) e a = Res^=oF(a, ^)|0); 

(2) a|0) = 0, [d,Y{a,z)] = d^Y{a,z); 

(3) there exist an abelian group Q, a Q-grading V = 0QgQ and 
a fnnction rj : Q x Q ^ snch that for any a, /3 E Q, a E R", 
b E Vfi 

(a) /5, 7 ) := p(a, fi, 7 )“^p(a, 'y)ri{l3, 7 ) is mnltiplicative in 

7, 

(b) there exists the bilinear map A:QxQ^C/Z snch that 
r]{a, (3)r]{f3,a) = e“ 2 ’r*A(o,/ 3 ) ^ 

(c) r]{Q,0) = 7 ( 0 , Q) = 1, 

(d) Y{a,z)b E 

(e) there exists N E A{a,/3) snch that 

D,w{z - w)^Y (a, z)Y ( 6 , w) = r]{a, (3 )lu,,z{z - w)^Y{b, w)Y (a, zfi 

(f) | 0 ) e Vfi d{V^) C l/“. 

We denote the vertex algebras, GVAs and qnasi-GVAs by (V, Y, |0), d) 
or V. 

Let (G, Y, |0), d) be a GVA (resp., qnasi-GVA) with an abelian group 
Q, a Q-grading V = 0c,gQ V°‘ on V and a fnnction 7 satisfying the 
axioms. We call the pair {(y,Y, |0),9), {Q^rj)) with the grading V = 
0QgQ a Q-charged GVA (resp., Q-charged quasi-GVA). 

Note that a Q-charged quasi-GVA (V, {Q^rj)) is a Q-charged GVA if 
and only if rj is bimnltiplicative. 

Note that any GVA is a qnasi-GVA, and by Lemma 18.21 any qnasi- 
GVA is an AIA. By Lemma 18.21 and Lemma 18.31 we have the following 
lemma. Let (V, (Q, F, G)) be a Q-charged AIA. Set rj = Q. 

Lemma 5.1. (1) The pair (V, (Q, 7 )) is a Q-charged GVA ifF{a, jS, 7 ) = 

1 for any a, fi,'y E Q. 

(2) The pair {V,{Q,ri)) is a Q-charged quasi-GVA if F{a, = 
F{fi,a,'y) for any a,fi,'jE Q. Moreover, then, = F. 

(3) If Q = Z 2 , then {V,{Z 2 ,ri)) is a Z 2 -charged quasi-GVA with 
Tv = F- 

Let (V, {Q,ri)) be a Q-charged qnasi-GVA. If rj is identically 1, the 
qnasi-GVA V is a vertex algebra. 

5.4. Modification of quasi-GVAs. Let Q be an abelian gronp. Let 
£ : Q X Q —)■ be a fnnction. Let (/, ca) denote the abelian group 

cohomology coboundary of e, that is, 

/(a, fi, 7 ) = e{a, [3 + 7 )£(/ 3 , 7 )£(a + (3, /3)"\ a,/3,'yE Q, 

a;(Q;, (3) = e{a, I3)e{l3, a)~^, a,j3EQ. 
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Definition 5.9. A quasi 2-cocycle of Q is a function e : Q x Q ^ 
such that 

(1) £(0,g)=£(Q,0) = l; 

( 2 ) /(a, P, 7 ) = /(/3, a, 7 ) for any a,P,-f e Q. 

Note that when e is a quasi 2-cocycle, the coboundary (/, cn) is a 
normalized abelian 3-cocycle. 

Remark 5.2. A 2-cocycle £ of Q in terms of the usual group cohomology 
satishes = 1 for any a,/ 3,7 G Q, so is a quasi 2 -cocycle. 

Let ((V, Y, |0), 5), {Q, 7 )) be a Q-charged quasi-GVA. Let e : QxQ ^ 
be a quasi 2 -cocycle. 

Dehne : V x V ^ End(G)[[z, by linearly extending the as¬ 
signment 

Y^{v, z)w = e{a, l3)Y{v, z)w 
for V G E", w ^ {a, /3 ^ Q). 

Dehne 7 ^ : Q x Q —)■ to be 

(3) = u{a, (3) ■ r]{a, (3) a,f3e Q. 

Proposition 5.1. The pair ((V, |0), d), {Q, rj^)) is a Q-charged quasi- 

GVA. 

Proof. It suffices to show the locality axiom. Let a, (3 be elements of 
Q and a,b elements of Let N G A{a,/3) be a locality bound 

of (Y{a, z),Y{b,w)). Let c be an element of with 7 G Q. Since 
/(a, (3, 7 ) = f{f3, a, 7 ), we have u{a, (3) = e(a, (3 + ^)e{l3, j)s(/3, a + 
'y)~^e(a, Therefore, we have Lz,w{z — w)^Y^{a, z)Y^{b,w)c — 
ri^{a, f3)iw,z{z — w)^Y^{b, w)Y^{a, z)c = 0, as desired. □ 

We call the quasi-GVA (V, W, |0),9) the e-modified quasi-GVA and 
denote it by V‘^. 

Remark 5.3. Note that it is a special case of the e-modify (twist) of 
the AIAs by an abelian 2 -cochain e [DLl Eg. When V is a GVA and e 
a 2-cocycle, the £-modihed quasi-GVA W is a GVA and coincides with 
the £-modihed GVA IHK|. 

5.5. Weight gradings and vertex operator algebras. Let V be 

an abelian intertwining algebra. A C-grading V = 0„gc W is called a 
weight grading if 

a{n)b G Vk+i-n-i, a ^ Vk, b eVi, k,l,n e C. 

Let V = ea,Q V" be a Q-charged abelian intertwining algebra. A 
non-zero vector a; G V° is called a Virasoro vector of central charge c 
if the held Y (cu, z) = Yhn&z LnZ~^~^ dehnes the module structure on 
V over the Virasoro algebra Vir = CL„ © CG with the central 

charge c, that is, the OPE (A-bracket) of u and itself has the form 

= du + 2Xuj + ~A^|0). 






W-ALGEBRAS WITH NON-ADMISSIBLE LEVELS AND THE DELIGNE EXGEPTIONAL SERIES 


Here, for a G and 6 G H, the A-bracket is defined to be [axb] = 
Yl’^=o ya{n)h/n\. We call c the central charge of co. 

Let iy = H", y, |0), 9) be a Q-charged abelian intertwining 

algebra with the weight grading V = 0„gc ^ Virasoro vector 
u E with the held Y (cu, z) = Yhn&i is called a conformal 

vector if L^v = nv {v E Vn, n G C) and L_i = d. Each conformal 
vector oj belongs to V 2 . 

Let V be an abelian intertwining algebra eqnipped with a conformal 
vector u. A vector n G H is called a primary vector oi conformal weight 
n if LmV = 0 for m E Z>o and Lqv = nv. 

Definition 5.10. Let H be a vertex algebra with the weight grading 
V = 0„gc Let a; G V 2 be a conformal vector of central charge c. 
The pair (V, u) is called a vertex operator algebra of central charge c. 

Let r be a snbset of C. We call a VOA V T-graded if W, = 0 for 
each n G C \ r. 

A Q+-graded VOA V is called of CFT-type if Vq = C|0). 

Let V and W be VOAs with conformal vectors uj and r. A vertex 
algebra homomorphism / : V —)• W is called a vertex operator algebra 
homomorphism if f{oj) = r. 

Let V be a VOA with a confomal vector uj. Let u,v E V be primary 
vectors of conformal weight 3/2. Then, by the commntation relation 
flS.Op of the vertex algebras and Ln = uj{n + 1) {n El), 

(5.1) Li{u{fS)v) = u{l)v, and L 2 {u{fS)v) = ^u{2)v. 

Let V be a VOA. Set 02(V) = {a{n)b E V\a,b E V,n < -2}. A 
VOA V is called C 2 -cofinite if V/C 2 (y) is hnite dimensional. 

5.6. Tensor products and graded tensor products. Let i be an 

element of {1,2}. Let Qi be an abelian gronp with the normalized 
abelian 3-cocycle (Fj,Oi). Let (V, V, |0)j,dj) be a Qj-charged abelian 
intertwining algebra with 

The tensor product abelian intertwining algebra Vi <8) V 2 of Vi, V 2 is 
the Qi X (52-charged abelian intertwining algebra 

[Vi ® V2, Yi ® Y2, |0)i 0 10)2, di ® idvi + idv2 ® ^2) 

with the normalized abelian 3-cocycle {Fi x T 2 ,Oi x 02 ). 

Snppose Q = Qi = Q 2 - Then, the abelian intertwining snbalgebra 

0 0 ^ 2 “ C Vi 0 V 2 

(yGQ 

is called the graded tensor product of V}, V 2 . The graded tensor prodnct 
is a Q-charged abelian intertwining algebra with the normalized abelian 
3-cocycle (FiF2,Oi02)- Here, (FiF 2 )(a,/?, 7 ) = 7 )-^ 2 (a,/?, 7 ), 

and (0i02)(a,/d) = y{ci, j3)Vt2{a, (3) (a,/5,7 G Q). 
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Suppose Qi = Q 2 = 1^2 = {0,1}. Then, Vi is a. Z 2 -charged quasi- 
GVA with T]i = Qi {i = 1, 2). 

Lemma 5.2. //r2i(l, l)r 22 (l; 1) = 1? then the graded tensor product 
0 ^2° © ^ 1 ' © y2 is a vertex algebra. 

Proof. Since h2i(0, 0) = 12^(1, 0) = r2j(0,1) = 1, we have the lemma. □ 

Suppose that Vi equips with the conformal vector cu* of central charge 
Ci {i = 1,2). Unless otherwise noted, we equip the tensor product 
and graded tensor product of Vi and V 2 with the conformal vector 
(n = cji 0 10)2 + |0)i 0 U 2 of central charge ci + C 2 , as usual. Note that 
for each primary vector Ui & Vi of conformal weight Uj {i = 1 , 2 ), the 
vector Ui 0 U 2 is primary of conformal weight rii + n 2 . 

6 . Appendix B. Simple current extensions 

In this section, we consider extended abelian intertwining algebras. 
See [DLllUIlO]. 

6.1. Z 2 simple current extensions. Let U be a VOA with a simple 
current irreducible U-module M such that M Kl M = V. Here, Kl 
denotes the fusion product. Let Y : V xV VHzjjz^ denote the vertex 
operator of V and Vm : V x M M[[z]]z^ the module structure over 
M. Let : M X U —)■ M[[z]]z'^ denote the transpose of Ym dehned 
to be 

Yfj{u, z)a = e^^~^YM{a, —z)u, u & M, a E V. 

Let I : M X M ^ be a non-zero intertwining operator. We 


have 


(6.1) 

yi{v,z)vEV[[z]], 

(6.2) 

hi 

II 

0 

0 


with some v E M and t E C. Then, I{u,z)w E V[[z]]z~'^~^'^ for any 
u,w E M, since M is an irreducible U-module. 

Suppose that V = V®M is a Z 2 -graded AIA with the vertex operator 

Y -.V xV ^ U[[ 2 ;]] 2 ;‘*' dehned to be 

Y{a + u., z){h + w) = Y (a, z)b -|- YM^a, z)w -|- Yf^{u, z)b Y I{u, z)w, 

for a,h E V and u,w E M, the Z 2 -gradation V = Vq ® Ui with Vq = 

V and Vi = M and certain normalized abelian 3-cocycle {F, H) with 
A(l, 1) = f-|-Z. By Lemma[5II](3), the pair (U, (Z 2 , H)) is a Z 2 -charged 
quasi-GVA. We call it the Z 2 simple current extension of V. 

Proposition 6.1. 11(0, 0) = 11(0,1) = 11(1, 0) = 1, 11(1,1) = 
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Proof. By Lemma 18.61 (skew-symmetry) and eq. fl6.1l) , 

z^I{v, z)v\^=Q = z^n{l, e-^^z)v\,=o- 

By eq. 06.1 p again, The RHS is eqnal to z^I{v, z)v. By 

eq. fl 6 . 2 p . we have ^ 2 ( 1 , 1 ) = which completes the proof. □ 

6.2. Z 2 simple current extension of the Ai{3,p) Virasoro mini¬ 

mal models. Let p be a positive integer snch that p > 3 and (3, p) = 1. 
Set c = C 3 ^p = 1 — 6(3 — pY/{3p). Consider the stress energy tensor 
T{z) = ■ Let U denote the Virasoro minimal model 

L(c, 0) = Ai{3,p). Then, U has the VOA strnctnre generated by 

Y{L_2\0),z)=T{z) = J2LnZ-^-". 

Set h = (p — 2)/4. The irredncible modnle 

M = L(c, h) = U-\h) 

is a simple cnrrent of the VOA U. Here, \h) is a highest weight vector 
of central charge c and conformal weight h, and U ■ \h) denote the 
irredncible cyclic modnle. Pnt v = \h). Let Ym : U x M ^ M{{z)) 
denote the modnle strnctnre of M over U with 

YM{L_2\^),z) = Y,LnZ-^-^. 

Let Yfj : M X U ^ M{{z)) denote the transpose of Ym defined by 
y^(M, z)a = e^'^-^YMia, -z)u, 

a eU , u E M. 

Set T = 2h + Z. Let I : M x M ^ denote the intertwining 

operator of type normalized as z‘^^I{v., z)v\z=q = |0). Then, 

97 ) 

I{\h),z)\h) = |0)^-2'* + 0 + —L_ 2 | 0 )^- 2'^+2 + -- - . 

c 

The extended vertex operator V = V -|- Ym + Y^ -|- / is local with 
itself (cf. [FJM] ). Therefore the pair {II, (Z 2 , fl)) of U with U = U®M 
is the Z 2 simple cnrrent extension of U. By Proposition 16.11 we have 
H( 0 , 0 ) = 12 ( 0 , 1 ) = 12 ( 1 , 0 ) = 1 and 12 ( 1 , 1 ) = 

Note that the extended algebras of M.{3,p) are also considered in 
[,TM1 IMP,] with another algebraic strnctnre. 

6.3. The lattice generalized vertex algebra associated with A\ 
and the simple current extension of Vi(Ai). In this section, we 
consider the simple cnrrent extension Vi(Ai) © Vi(Ai; a/ 2 ) as the mod¬ 
ification of the lattice GVA Va° , in order to obtain the vertex operators 
explicitly. 

Let Ai = Za be the root lattice of type Ai with the bilinear form 
defined by (a|a) = 2. Let A\ = Za/2 be the dnal lattice of Ai. 
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Consider the lattice GVA F = Va° = M{1) 0 C[A^] with the vertex 
operator (/9 G 



The pair (F, (Z, r;)) is a Z-charged GVA with the Z-grading F = 
0nez-^” with F"' = M(l) 0 and r; : Z x Z —)■ dehned by 

Note that the snbGVA F^^ is isomorphic to the VGA Vdn and as 
a VAj-snbmodnle, the snbspace F^^+^ is isomorphic to the VGi-modnle 


Actnally, since ri{k + 4n, I + 4m) = ri{k, 1) for any k, l,n,m & Z, the 
bimnltiplicative fnnction : Z 4 x Z 4 —)■ is indnced, and the pair 
(F, (Z 4 , 7])) is a Z 4 -charged GVA with the Z 4 -grading F = jpn+4Z^ 

Now we modify the Z 4 -charged GVA F with certain qnasi 2-cocycle 
e: : Z 4 X Z 4 —)■ such that the e-modified quasi-GVA F^ is isomorphic 

to the simple current extension of V^i ■ 

Define the function e: : Z 4 x Z 4 to be 



-1 (fc,0 = (l,2),(2,2),(2,3)and(3,l), 

1 otherwise, 


for k,l G Z4. Therefore, ^(0, fc) = 1, e{l,k) = (— E{2,k) = 
(— l)^2,fc+<53,fe^ and e{3,k) = (—for k G Z4. Let (/,a;) denote the 
abelian group cohomology coboundary of £. Then, 


u:{k,l) = 


for k,l ^ Q. 

Lemma 6.1. The function e is a quasi 2-cocycle of Q = Z4. 

Proof. We have £(0,Q) = £(Q,0) = 1. Let k,l,m be elements of Q. 
We show f{k,l,m) = f{l,k,m). When /c = 0 or Z = 0, we have 
f{k,l,m) = 1 = f{l,k,m). Suppose {k,l) = (1,2). Then, 


/(l, 2 ,m) £( 1 , 2 -|-m)£( 2 , m)£(3, m) ^e(l, 2 ) ^ 

/(2,1, m) e(2, 1 -|- m)e{l, m)e{3, m)~^e{2, 1)“^ 



Suppose {k,l) = (3,2). Then, 

/(3, 2, m) e(3, 2 -|- m)e{2, m)e{l, m)~^e{3, 2)~^ 

/(2, 3, m) e{2, 3 + m)e{3, m)e{l, m)~^e{2, 3)“^ 
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Suppose (fc,/) = (1,3). Then, 

/(I, 3, m) £(1, 3 + m)e{3, m)e{0, 3)“^ 

/(3,1, m) £(3,1 + m)e{l, m)e{0, 1)“^ 

Thus, f{k,l,m) = f{l,k,m) for any k,l,m G Q, which completes the 
proof. □ 


Consider the £-modihed quasi-GVA F'^. We have ri^{k, 1) = u{k, l)ri{k, 1) = 
g 7 rjfc 2 p/ 2 ^ Therefore, 

,,, if/c, / are odd, 

rj [k, 1) = s 

1 1 otherwise, 

for k,l G Z 4 . Hence, rj’^ induces the function : Z 2 x Z 2 —)■ C^, and 
the pair (F^, (Z 2 ,? 7 ^)) is a Z 2 -charged quasi-GVA with the Z 2 -grading 

_p£ = ^pe'^0+2Z 0 I"^£^1+22 

Thus, we have the following proposition (cf. [DLj ). 

Proposition 6.2. The e-modified quasi-GVA F'^ is isomorphic to the 
simple current extension Va^ © VAi+a /2 of the lattice vertex algebra 
Vai, thus isomophic to the simple current extension V = Vi(Ai) © 
Vi{Ai]a/2) of the simple level one affine vertex algebra Vi^Af). 


7. Appendix C. Some vertex operator algebras and 

GENERALIZED VERTEX ALGEBRAS 

7.1. The afRne vertex operator algebras. In this section, we recall 
the affine vertex operator algebras (cf. |Kaclj ). 

Let g be a rank I hnite dimensional simple Lie algebra. Let i) be 
a Cartan subalgebra of g with the simple roots Oi,...,Consider 
the normalized invariant bilinear form (-I-) : g x g —)■ C such that 
(a'^la'^) = 2 for each long root a. Consider the affine Kac-Moody Lie 
algebra g = g © C[t,t~^] © CiC © CD with the central element K, 
degree operator D, Lie bracket [D,a C)F] = na ® F and [a © F, 6 © 
t"^] = [a, b]F~^^ + nSn+m,o{o,\b)K and simple roots oq, <ti, ■ ■ ■ , 0:1 and 
fundamental weights Aq, Ai, ..., A;. Set a{n) = a © F (a G g, n G Z). 
Set g_ = g © 

Let k he a. complex number. Consider the highest weight Verma 
module M{kAo) over g of highest weight /cAq. As a g_-module, M{kAo) 
is isomorphic to S(g_). Here, S(V) denotes the symmetric algebra 
of V for each vector space V. Then, MikAf) = S(g_) equips with 
the compatible vertex algebra structure with the vacuum vector | 0 ) = 
1 , translation operator d defined by d{v © F) = —nv © F~^ with 
derivation, vertex operator Y(-,z) dehned by the assignment V(a© 
t~^,z) = Xlnez® ® Fz~^~^ and extending it by the reconstruction 
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theorem. The vertex algebra M{kAQ) has the weight grading induced 
by —D and Segal-Sugawara conformal vector 


u 


aff 


1 

2{k + h'^) 


ieA 


of central charge c = k dim0/(/c + h^). Here, {vi}i^A is a basis of g with 
the index set A, and the dual-basis with respect to (-I-). The 

VOA M{kAo) is called the (universal) affine vertex operator algebra 
and denoted by H^(g). Note that the weight 1 subspace H^(g)i = 
{a ( 8 ) t~^\a G g} with the Lie bracket [a ( 8 ) t~^, b ( 8 ) t~^] ■= a{0)b = [a, b] 
{a,b G g) is isomorphic to the Lie algebra g via a ha a <8) t~^. We 
denote the simple quotient by 14(g) and call it the (simple) affine 
vertex operator algebra. Note that as a g-module, 14(0) is isomorphic 
to the irreducible highest weight module L(fcAo). It is well-known that 
14(g) is C'2-cohnite and rational if and only if A; is a positive integer. 


7.2. The lattice generalized vertex algebras associated with 
the rational lattices and the lattice vertex algebras associated 
with the even integral lattices. In this section, we recall the lattice 
GVAs [DLl El] associated with the rational lattices and the lattice 
vertex algebras associated with the even integral lattices. 

Let L = Z* be a rank I rational lattice with the Z-bilinear form 
('I') : L X L —)■ Q. Consider the vector space 1) = C L with the 
C-bilinear form (-I-) : 1) x 1) —)• C dehned by linearly extending the 
Z-bilinear form (-I-)- 

Let f) = f) <8) C[t,t~^ © CK denote the Heisenberg Lie algebra with 
the central element K and Lie bracket 6©6™] = n5n+m,o{o\b)K. 

Set a{n) = a © (a G f), n G Z). Set [)+ = [)© C[t] © CiL and 
f)_ = f)©C[t“^]t“^. Let Cl denote the 1-dimensional module of f)+ with 
a©t”.n = 0 and K.v = n (a G li, n > 0, n G Ci). Let M(l) = f) ©^^ Ci 

denote the induced module of f). As vector spaces, M(l) = S(fi_). 
Here, S(H) denotes the symmetric algebra of V for each vector space 
V. Then, M(l) has the vertex algebra structure [Heisenberg vertex 
algebra) with the vacuum vector 1 = 1©1, translation operator T with 
T[v © f^) = —nv © and vertex operator X[-,z) dehned by the 
assignment X(n©f“^, z) = Xlnezextending it to M(l) 
by the reconstruction theorem (cf. |FKRW1 IKac2( IFBZj ). We equip 
M(l) with the conformal vector u = (1/2) nj(—1)"^* of central 
charge /. Here, {vi]i=i^,„^i is a basis of 1), and {n*}i=i,...,z the dual basis 
of {n*}. 

Let C[L] = Ce" denote the group algebra of L with e" • = 

We consider the space Ce" as the module over 1)+ with a®t^.e°‘ = 
(a|a)e“, a©f”.e“ = 0 (a G f), n > 0) and K.e°‘ = e“. Then, M(l)©Ce" 
has the module structure over the vertex algebra M[l). Consider the 
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L-charged extended generalized vertex algebra 

= 0 M(l) 0 Ce“ = M(l) 0 C[L] ^ S(^_) 0 C[L], 

a&L 


with the vacuum vector |0) = 1 0 translation operator d with 
9(e") = a(—l)e" and the vertex operator X(-,z) dehned by the as¬ 
signment 


X(e“, 



(y^iZ 

—n 





{a E L) and extending it to Vl by the reconstruction theorem. Here, z°‘ 
is dehned by linearly extending the assignment G 

L). We call Vl the lattice generalized vertex algebra (lattice GVA) 
associated with L. 

Suppose that L is even integral, that is, (-I-) : L x L —)■ Z and 
(ala) G 2Z for each a E L. Consider a 2-cocycle e : L x L ^ 
satisfying e(a, a) = (—Then, the £-modihed GVA V£ 

with the vertex operator Y{-,z) = X^{-,z) is a vertex algebra and 
called the lattice vertex algebra. We denote Vl = V[. We consider Vl 
as a vertex operator algebra with the conformal vector ca 0 e° of central 
charge I, and call Vl a lattice vertex operator algebra. 

Let g be a hnite dimensional simple Lie algebra. Suppose that g 
is simply-laced (of ADE-type). Note that the lattice vertex operator 
algebra Vq associated with the root lattice Q = Q(g) of g is isomorphic 
to the level one affine VGA Vi(g). 


8. Appendix D. General theorems for the abelian 

INTERTWINING ALGEBRAS 

8.1. Some computational lemmas on abelian cocycles. We show 
some computational lemmas on abelian 3-cocycles. 

First, we show Remark 15.11 

Proof of Remark I5.il The map / is a group homomorphism. We show 
Ker(/) = 1. Let {F, G) be a normalized abelian 3-cocycle such that 
F{j,i,k)-^n{i,j)F{i,j,k) = 1 {i,i,k E Q). By (A2), we have F(j, fc, i) = 
Pt{i,j -I- k)Pt{i,k)~^ . By letting fc = 0, by (A4) and (A5), we have 
kl{i,i) = 1 for all i,i G Q. Therefore, F{j, k,i) = 1 for all i,j, k. Thus, 
{F,Q) = 1. □ 

Lemma 8.1. 

F{i,j,k + + l)F(i,j,l) = B(i+j,k,l). 

( 8 , 1 ) 
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Proof. By the definition of B, eq. flS.ip is equivalent to 

F(i, j, k + k)F{j, k, l)F{k,i,j + k) 

•F(q k, j + l)F{i, j, 1) = F{k, i + j, + j, k)F{i + j, k, /). 

By (A3), it is equivalent to 

(8.2) F{t,j, k)F{k, t,j)F{t, k,j)-^F{t,j, k + l)-^F{k,j, /)"' 

■F{j, k, l)F{k, z, J + l)-^F{z, k, J + l)F{z, J, 1) 

= F{k, i + j, l)~^F{i + j, k, 1). 

Now, we show that eq. 08.21) is true. By (Al), we have three equations 

rii.j, k)F(i,j, k + ir^F(i, j + k, l}F(i + j, k, lY'F(i, k,l) = 1, 

(8.3) 

F(k, i, j)F(k, i,j + iy'F(k,i + j, l)Fik + i, j, lY'F(i, j, 1) = 1, 

(8.4) 

F(i,k,j)F(i,k,j + lY^F(i,k + j,l)F(i + k,j,lY^F(k,j,l) = 1. 

(8.5) 

Then, eq. 08.21) is equivalent to eq. f 08.3p x 08.4p / 08.51) 1. Thus, we have 
the lemma. □ 

Lemma 8.2. (1) Let {F,Q) be a normalized abelian 3-cocycle, and 

supporse F{i,j,k) = 1 for any i,j,k G Q. Then, is bimulti- 
plicative. 

(2) Conversely, if the function rj : Q x Q ^ is bimultiplicative, 
then the pair {l,r]) is a normalized abelian 3-cocycle. 

(3) Let (F, fl) be a normalized abelian 3-cocycle, and suppose F{i,j, k) 
F{j,i, k) for any i,j,k G Q. Then, 

(a) F{i,j,k) = Q{i + j,k)-^Q{i,k)Q{j,k), 

(b) F{i,j,k) is multiplicative in k. 

(4) Conversely, if rj : Q x Q ^ is a function such that 

(a) pi{i,j, k) := rj^i + j, k)~^7]{i, k)ri{j, k) is multiplicative in k, 

(b) there exists the bilinear map A : Q x Q ^ C/Z such that 

v{hj)vUc) = 

(c) t]{Q, 0) = viO,Q) = 1, 

then {fi, rj) is a normalized abelian 3-cocycle such that fi{i,j, k) = 
fi{3,i,k). 

The proof is omitted. 

Let Q be an abelian group and {F, fl) a normalized abelian 3-cocycle. 
Lemma 8.3. If Q = Z2, then F{i,j, k) = F{j,i, k) for any i,j, k E Q. 
Proof By (A4), we have F(l, 0, k) = F(0,1, k) = 1. □ 
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8.2. Some theorems for the abelian intertwining algebras. We 

recall some standard theorems for the AIAs. We generalize the method 
used in ra. 

Let Q be an abelian group and {F, fl) a normalized abelian 3-cocycle 
with maps B and A. Let V = 0Q,gQ V"" be a Q-graded vector space 
with a translation operator d : V ^ V and a vacuum vector |0) G Id 
such that 9|0) = 0. 

Let n be a positive integers. 

Definition 8.1. f |BK] l An n-field with charge (oi,..., «„) £ on 
1/ is a formal series a{zi, ..., Zn) G (End(ld))[[2;i, zf ,... ,Zn, z'^]] with 
the property that 

a{zi,.. .,Zn)b 

G . . . , 

for b e V^. We call a = ai + ■ ■ ■ + an the total charge of a(z) = 

a(^Zi , . . . , Zm) ■ 

Let m, n be positive integers. Let a{zi, ..., Zm) be an m-field with 
total charge a G Q and b{wi, ..., w„) an n-field with total charge [3 G 

Q. 


Definition 8.2. The pair (a, b) of fields is called local if there exist 
Nij G A(aj, (3j) {i = 1,... ,m, j = 1,... ,n) such that for any 7 G Q 
and c G W, 


a{zi,.. .,Zm)b{wi, .. .,Wn)c = 


G=1 j=l 

m n 


I b{wi, . . . , Wn)a{zi, . . . , Zra)c. 

^i=l j=l 


We call such an a system of locality bounds of (a, b). 


Let m, n be positive integers. Let 0(2:1 ,..., Zm) and b{zm+i, • • •, z^+n) 
be an m-field and n-field with total charges a and /3. Suppose that the 
pair (a, b) is local, and fix a system of locality bounds {A"p }ie{i,...,m}je{i,...,n} 
Define the (m -|- n)-field Fafi{zi ,..., Zm+n) by linearly extending the 
assignment 


Fa,b(^Zi, . . . , Zm-\-n)d F{a^ /3, S') nn‘... 




Zm+j ) 


Ni, 


G=11=1 

• 0 ( 2 : 1 , . . . , Zni)b(^Zni-\-li ■ ■ ■ 1 Zm-\-n)d 


{S E Q, d E V^). Note that the total charge of Ea,b(z) is a -1- /9. Note 
that if o, b are translation covariant d : V ^ V, then Fa^b is translation 
covariant. 

Let c{wi, ..., Wp) be a p-field with total charge 'j E Q. 






40 


KAZUYA KAWASETSU 


Lemma 8.4. If the pairs (a, c) and ( 6 , c) are local, then the pair {Fa^h, c) 
is local. 


Proof. Suppose that the pairs (a, c) and ( 6 , c) are local. Let 
{Mjk}je{m+i,...,m+n},ke{i,...,p} be systeuis of locality bounds of (a, c) and 
( 6 , c). We show that is a system of locality 

bounds of 6 , c). Let 6 be an element of Q and d an element of V^. 
We have 

^ m+n p 


n J Fa,biz)c{w)d 

. i=l k=l ) 

/ m+n p 

F(a,/?,7 + i5)“' I n 


nn 

v*=i i=i 


i=\ k=l 

\N, 






m p 


F(a ,/?,7 + 5) ^5(/?,7,(5) nn-. 




n p 


71=1 fe=l 

m n 


\Mi, 


n n ^m+j) 

i=l j=l 


Ni, 




^m+j) 


Ni, 


\_ \_ J_ J_ ^'Wk,Zi '^k) 

\i=m+l k=l 

•0(2:1, . . . , Z,n)c{^)KZni+l, • • • , Zm+n)d 

= F{a,l3,'^ + + 5) 

/m-\-n p \ / m n 

n ) (nn^ 

i=l k=l / V*=l i=l 

•C(w)a( 2 ;i, . . . , Zm)h{Zm+l: • • • , Zm+n)d 

= P + 5) •F(a,/3,(5) 

^ m+n p \ 

n ^‘^y^k,zi{zi,Wk)^^^ J c(w)F„, 6 (z)d. 

i=i k=i / 

Therefore, it suffices to show 

F{a, / 9 ,7 + 5)~^B{j3, 7 , 8)B{a, 7 , /9 + S)F{a, /3,6) = B{a + ft, 7 , < 5 ). 
By Lemma [ 8 .11 we have the lemma. □ 


Let m be a positive integer. Let 74 (^i,..., Zm) be an m-£eld. Define 
P,W 1 ■ ■ ■ P,w„,-iMz + Wi,...,Z + Wm-1, z) to be 

^Z,Wi ■ ■ ■ f'Z,Wm — l-^i.Z T '^ly ■ ■ ■ , z F Wm—ly z')V 

:= exp{wid^, H-h (2:1, . . . , Zm)v\„^=...=z,^=„ 

e {V[[z]]z^)[[wi, . . . ,Wm-l]] 
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{v G V). We call this formal series a operator product expansion (OPE) 
of A. Define the 1-helds ... ,i(m — 1) G Z+) by 

the equality 

I'ZjWi ■ ■ ■ f'z,w^-iA(^Z ICl, . . . ^ Z Wm—ly 
oo 

E *11)..(.»-!)(* 

1)=0 

Let i(l),..., be elements of and put '^(z) = 

If A is translation covariant, then the coefficient 'ip{z) is translation co¬ 
variant. Let B be an n-£eld (n G Zi>o). If the pair (A, B) is local, then 
the pair (-0, B) is local. Note that ■ ■ ■ iz,w^_-i_A[z + wi,^ z + 
tCm-i,^)|0) is the Taylor series expansion of 

A{z + wi,..., z + z)\t]) G V[[z,wi,...,w^_i]]. 

Therefore, the linear span of all coefficients of A{zi,..., Zm)\^) coin¬ 
cides with the linear span of all coefficients of '0i(i),...,i(m-i)(^)|O) in 2; 
(i(l),...,z(m- 1) G Z+). 

Let a(z) be a translation covariant held with charge a E Q. Let b 
be an element of with (3 E Q. The series Y(a,z)b has the form 
0 ‘{z)b = ~ ~ ^ ^ Then, f{z-\- 

g-TTiy^) ^ U^z,w\\{z + We have the following transposed 

Taylor’s theorem. 

Lemma 8.5. As elements of {V[[z]]z^^°'’^'^)[[w]], 

t^,^(F(a, ;2 -f e-^^w)b) = e-^^Y{a, z)e^%. 

Proof. By the translation covariance, the RHS is equal to e^^^Y (a, z)b, 
which is equal to the LHS. □ 

Let <h be a system of fields such that 

(1) (locality) for any ((){z),'i({z) E <h with charges a,/5 G Q, the 
helds (j){z) and 'if{z) are mutually ri{a, (3)-\ocal, 

(2) (translation covariance) every (j){z) G $ is translation covariant, 
that is, [ 0 , 0 ( 2 ;)] = dz4>{z), 

(3) (completeness) the coefficients of all formal series 0i(2;i) • • • 0n(2^n) |0) 
(n G Z+, 01 ,..., 0„ G <h) span the vector space V. 

Let S denote the vector space spanned by all translation covariant 
helds 0(z) such that for any fj{z) E $, the helds 0(z) and f){z) are 
mutually local. Since the elements of S are translation covariant, by 
[BKl Proposition 2.2(c)], we have the well-dehned linear map 

^■.S^V, x{z) ^ x{zm\z=o- 

Let a be an element of Q and a an element of V°‘. 

Theorem 8.1. There exists the unique translation covariant field Y (a, z) 
of charge a such that for any field (j){z) E the fields Y (a, z) and (j){z) 

is mutually local and y(a, 2:)|O)0=o = 
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Proof. We show that \1/ is an isomorphism of vector spaces. 

(Surjectivity) Let m be a positive integer. Let (j)i{zi ),..., (j)rn{zm) 
be helds in <h with charges G Q. We show that the coeffi¬ 

cients of (j)i{zi) ■ ■ •0m('2m)|O) belong to the image of \I/, hence, by the 
completeness of the system <h, the map tb is snrjective. 

Fix locality bonnds Ntj of {i,j = i ^ j). Dehne 

the m-£eld ^4(2:1 ,..., Zm) by linearly extending the assignment 


m—1 


A{zi,..., z^)h = - 


2=1 



{(3 & Q, h ^ V^). Then, A is translation covariant, and by Lemma 
18.41 the pairs {A, cf) are local for all fields 0 in <F. Consider the op¬ 
erator prodnct expansion of A. Then, all coefficients 
(i(l),... , i(m — 1) G Z+) belong to S. Therefore, all coefficients of 
A{z \,..., Zm)\^) belong to the image of the map T. 

The prodnct (fi^Zi) ■ ■ •0m(-2m)|O) belongs to the space X := C[[ 2 ;i]]zf • • • 
The space X is a modnle over the algebra Y := C[[zi]]zf • • • 

Since izi,zj{.Zi — is invertible in Y for each i < j, we have 




Therefore, the coefficients of (fi^zi) ■ ■ •0m(2:m)|O) belong to the image 
of T. By the completeness of the system $, the map T is snrjective. 

(Injectivity) Let (j){z) be an element of the kernel of T. Then, 
0 ( 2 :) |0) 1^=0 = 0. Since S is spanned by helds, 0(z) is a snm of the form 
= Ylia&QXa{.z) with the helds Xq,( 2 ;) with charge a G Q. Let a 
be an element of Q, and pnt x{z) = Xa{z). We show x(^) = 0. Since 
X^(^)|0)U=o belongs to for any /? G Q, we have y(2;)|0)|2=o = 0. 
Since x(2:)|0) = e^^(x(r(;)|0)|.uj=o) by the translation covariance, we have 
x(2;)|0) = 0. Let m be a positive integer. Let (j)i{zi),..., (frnizm) be 
helds in d>. Fix locality bonnds Nij of (0,, (fj) {i, j = 1,... ,m, i ^ j). 
Dehne the m-held A[z \^..., Zm) with total charge (3 as above. Since 
the pair (y. A) is local, we have 
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with the scalars Mj G C. Since x(^)|0) = 0) we have 

- Zi)^^ x{z)A{zi,...,Zm)\^) = 0 . 

The LHS belongs to the space X := The 

space X is a module over the algebra Y := 

Since iz,zi{z — Zi)^^ is invertible in the algebra Y for each i = 1,..., m, 
we see that x{z)v = 0 for all coefficients v of A(zi,..., ^m)|0). Since the 
coefficients of all A{zi ,..., Zm)\^) span the space V, we have x(z) = 0, 
as desired. □ 

Now, we have a generalization of the reconstruction theorem. 

Corollary 8.1. The system $ generates on V the unique structure of 
the abelian intertwining algebra. Moreover, the pair (V, {Q,F,Q)) is a 
Q-charged abelian intertwining algebra. 

Let (y, {Q, F,fl)) be a Q-charged AIA. Let a, jd be elements of Q 
and a, b elements of ld“, V^. 

Lemma 8.6 (Skew-Symmetry). 

Y{a, z)b = VL{a, /?)e"^(F(6, e-^^z)a). 

Proof. By the locality axiom, 

f'z,w{z + e~'"^wyY (a, z)Y (6, tc) |0) 

= B{a, /3, 0)L.ui,ziz + e'^^w^Y (6, w)Y (a, 2;)|0) 

with N G A{a,f3). Since B(a,(3,0) = 12(a,/5), Y{a,z)\t)) = and 
Y{b, ia)|0) = 

i'z,w{z + (a, z)e^^b = Q{a, fi)iw,z{z + e^'^w^Y{b, w)e^^a. 

By Lemma 18.51 the RHS is equal to 

12(a, F w)^i.u],zy {b, w + e~'"F)a), 

and since X is a locality bound, it belongs to End(ld)[[tc]][[z]]. There¬ 
fore, by letting tc = 0, we have the lemma. □ 

Let a, (3 he elements of Q and a, h elements of ld“, . Fix a locality 
bound N of {Y{a, z),Y{h,w)) and set Fa,b{z,w) := FY{a,z),Y(b,w){z,w). 
Consider the OPE 

l'z,wFa,b{^Z F W, Z^ e ^ Ta,b(^l) ^2) |2i=22=z 

of Y (a, z) and Y (6, w). 

Let /c be a non-negative integer. 

Lemma 8.7. 

^5jEa,b(zi,Z2)|2i=22=2 = Y{a{N - 1 - k)b,z). 
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Proof. Denote the LHS by X. By Theorem 18.11 it suffices to show 
X| 0 )|^=o = a(N-i-k)b. Since 2:2)10) G D[[zi, ^2]], we have ^^,{,(2:1, 2:2)| 0 )|^2=o 
2;j^y(a, 2:1)6 e D[[2 :i]]. Since {l/k\)d^^{z^Y{a, zi)b)\zj^=o = a{N — 1 — k), 
we have the lemma. □ 


We have the following Jacobi identity. Let q:,/ 9,7 be elements of Q, 
a, b, c elements of D", V^, W, and n an element of A(q;, / 3 ). 


Proposition 8.1. 


Y (a, 2:)y (6, w)c Lz,w{z — w)"' — B {a, (3 , ■j)Y (6, w)Y (a, z)cLw,ziz — wY 

= F{a, Y 7)-^ Y{a{n + j)b, w)c 9^(5A(a,/3) {z, w)/j\. 
jez 

The proof is omitted. See EE]. 

Suppose that D is a vertex algebra, that is, F = 1 and D = 1. Let 
a, b be elements of V. Then, we have the commutation relation 


( 8 . 6 ) 


la(n),()(m)| = Yi 

k =0 


{a{k)h){n + m — k). 
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